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ABSTRACT
A generalized mathematical model for electrokinetic soil processing is presented for 
multi-species transport of reactive components under electric fields in two-dimensional 
geometry, based on the earlier Acar-Alshawabkeh model. In this model, sets o f partial 
differential equations are formulated for the transport of fluid, charge, and species in a 
saturated soil under coupled hydraulic, electrical, and chemical potentials. Chemical 
reactions pertaining to sorption, precipitation/dissolution, aqueous phase equilibria, water 
autoionization, and electrolysis are included in the new model. The boundary conditions 
corresponding to the mass transport equations are described.
A program, EK-SIM (ElectroKinetic Soil Processing SIMulation), has been developed 
to simulate electrokinetic soil processing. The finite element method is used to solve the 
mass transport equations. Eight-node, quadrilateral isoparametric elements are used in 
space discretization. The finite difference technique is used in time discretization. The 
developed code is verified by comparison to one-dimensional analytical solutions of 
nonreactive chemical transport with Dirichlet and Neumann boundary conditions. The 
basic model predictions agree perfectly with the analytical solutions. The model has been 
further evaluated by comparison with a bench test of the electrokinetic injection of 
ammonium and sulfate ions into a sand bed to enhance bioremediation and a pilot-scale test 
o f  electrokinetic lead extraction from kaolinite. The model predictions are in reasonable
xii
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agreement with the experimental results and the model successfully simulates the effects 
of chemical reactions on species transport in the unenhanced lead remediation test.
The developed model will provide a useful tool to attain a better fundamental 
scientific understanding o f electroidnetic soil processing and for the design/analysis of full- 
scale, insitu applications.
xiii
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CHAPTER 1
INTRODUCTION
1.1 Motivation
There is growing concern in the USA and around the world for the need to 
remediate hazardous waste sites, which are produced by unengineered facilities and 
accidental spills. The variabilities in the character of contaminated sites and the associated 
safety considerations make their remediation both unique and challenging.
In the last decade, the insitu remediation technologies that have been developed 
include soil vapor extraction, chemical extraction/soil washing, solidification/stabilization, 
chemical destruction, bioremediation and thermal processes. Each method has its own 
advantages and limitations in remediating the manifold contaminants that may be found in 
different soil deposits. However, the available technologies do not always perform 
effectively for fine-grained deposits where the hydraulic conductivities are low.
The challenging demand to develop effective and inexpensive insitu remediation 
technologies in waste management stimulated the vision to employ conduction phenomena 
under electrical currents as a soil remediation technology (Acar and Gale, 1986; Acar and 
Alshawabkeh, 1993; Acar et al., 1993). This technique is called by several names such as: 
electrokinetic remediation, electrorestoration, electroremediation, electroreclamation, 
electrokinetic soil processing, and electrochemical decontamination. Electrokinetic
1
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2remediation promises to be a cost-effective technique for the insitu remediation of 
contaminated soils and ground waters, and is gaining increasing attention and interest. It 
is envisaged for use in remediating soils from toxic inorganic and organic species 
(electrokinetic remediation); injection of microorganisms and nutrients in bioremediation; 
injection of grouts in soil stabilization and waste containment; soil and pore fluid 
characterization and species extraction using penetrating probes; diversion systems for 
contaminant plumes; and leak detection systems in containment barriers (Acar and Gale, 
1986; Mitchell, 1986; Acaret al., 1989; Yin et al., 1995; Lageman, 1993).
The technique relies mainly on the electrokinetic phenomena of electroosmosis and 
electromigration to drive the contaminants contained in the pore fluid in soils toward the 
electrode compartments. It uses low-level direct current on the order o f mA/cm2 o f cross- 
sectional area between the electrodes, or an electric potential difference on the order of a 
few volts per centimeter across electrodes placed in the ground, in an open flow 
arrangement (Acar et al., 1993; Acar and Alshawabkeh, 1993; Probstein and Hicks, 1993; 
Runnels and Wahli, 1993; Pamukcu and Whittle, 1992; Acar et al., 1994; Hicks and 
Tondorf, 1994). After the application of a low-level DC voltage across electrodes placed 
in holes filled with fluid in a soil mass, electrolysis reactions will take place at the 
electrodes. The species (either produced by the electrolysis reactions or injected through 
the cycling processing fluid) will be moved into the soil mass by conduction phenomena 
in soils under electric potential and/or with hydraulic and chemical potentials. The species 
in the pore fluid will be transported across the porous media by the same mechanisms.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
3In addition to the conduction phenomena in soils under electrokinetic remediation, 
several other physicochemical phenomena will take place simultaneously and affect the 
removal of contaminants from soils. Among the major ones are: electrochemical reactions; 
sorption and desorption of chemicals on the soil particle surfaces; precipitation/dissolution; 
and complexation reactions. Moreover, nonlinear electric potential and hydraulic potential 
gradients are developed during the electrokinetic remediation.
Electrokinetic remediation is a very complex process where species are transported 
under heavily coupled electric, hydraulic and chemical potential gradients accompanied 
by electrochemical reactions, sorption/desorption, precipitation/dissolution and 
complexation reactions. The process is affected by the configuration of the electrodes, the 
type of soil mass and the initial species present in the soil mass and their concentrations. 
Therefore, it is difficult to predict the response of electrokinetic remediation solely on the 
basis o f previous experimental observations or practical experience. In addition, 
laboratory simulation experiments generally need to run several weeks and cannot be 
configured to include all of the major factors which will affect contaminant transport in the 
field.
Thus, a generalized numerical model is needed to develop a better fundamental 
scientific understanding of electrokinetic remediation and to offer design/analysis tools for 
full-scale, insitu applications. The model should include multi-species transport 
mechanisms under electric fields and the chemistry associated with the process, with the 
time-dependent boundary conditions correspondingly regulating the fluids at the anode and 
cathode compartments, or the injection species.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
41.2 Objectives
The objectives o f this study are identified as:
1. To generalize, refine and improve the theoretical model described by Alshawabkeh 
and Acar (1996). The following refinements to the model will be provided.
A. Conditioning at the anode and cathode compartments will have to be 
introduced in the model.
B. Including of simulating transport o f  at least four anions and four cations.
C. Including chemical reactions pertaining to sorption, 
precipitation/dissolution, aqueous phase, water auto-ionization, and 
electrolysis in the model.
2. To provide new numerical solution algorithms and a computer program for the 
theoretical model.
3. To compare the predictions of the model with the results o f available ongoing pilot- 
scale tests and field tests.
Eventually, it is hoped that these model developments will be used to provide 
preliminary design/analysis schemes and procedures for site remediation through a 
parametric evaluation of the theoretical model predictions and an assessment of the 
experimental model results.
1.3 Scope and Organization
The scope of the study is restricted to generalize, refine and improve the theoretical 
model previously developed by Alshawabkeh (1994) for electrokinetic soil processing. 
The developed model is used to simulate the injection o f ammonium and sulfate ions into
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
a sand bed and the extraction o f lead from kaolinite. Simulations are compared to the 
experimental results.
The manuscript is organized into seven chapters. Chapter 1 consists of the current 
discussion where the motivation of the project and the objectives and research scope have 
been presented. Chapter 2 describes the mechanisms and principles of electrokinetic 
remediation. The situation of numerical modeling is reviewed and the shortage of 
developed models is discussed. Chapter 3 describes the generalized, refined and improved 
theoretical model for multi-species transport in soils under electric fields. Chapter 4 
presents the available methods to solve the mass transport problem. The numerical 
implementation used in this project is described and the verification o f  the method is shown 
in this chapter. Chapter 5 presents the numerical simulation of the injection of ammonium 
and sulfate ions into a sand bed. Chapter 6 presents the numerical simulation o f the 
extraction of lead from kaolinite. Chapter 7 summarizes the conclusions of the project. 
Recommendations for further research are also presented.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
CHAPTER 2 
BACKGROUND
2.1 Introduction
Electrokinetic remediation is an extremely complicated process. In order to 
simulate the multi-species transport in soils under electric fields, an understanding o f the 
mechanisms of species transport and the related physicochemical phenomena which affect 
species transport in soil is required. Thus, initially, this section describes electrokinetic 
phenomena in soils. Secondly, the principles of electrokinetic remediation, which include 
electrochemical reactions, pH distribution in soils, sorption reactions, 
precipitation/dissolution, enhancement/conditioning and nonlinear distribution o f electrical 
voltage and hydraulic pressure are presented. Finally, the previously developed theoretical 
models o f electrokinetic remediation are reviewed.
2.2 Electrokinetic Phenomena in Soils
For clay particles, the surfaces are generally negatively charged because of 
isomorphous substitutions and the presence of broken bonds. To preserve electrical 
neutrality, cations are attracted and held between the layers and on the surfaces and edges 
of the particles. In a dry clay, adsorbed cations are tightly held by the negatively charged 
clay particles. Cations in excess of those needed to neutralize the negative electric charge
6
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7of the clay particles and associated anions are present as salt precipitates. When the clay 
is placed in water, some o f the precipitated salts can go into solution. Because the 
adsorbed cations are at a much higher concentration near the surfaces of particles, they tend 
to diffuse away in order to equalize concentrations throughout the fluid filled pore space. 
However, their freedom to do so is restricted by the negative electric field originating in 
the clay particle and manifested on the particle surface. The tendency o f the cations to 
diffuse away from the particle surface due to a concentration gradient and the opposing 
electrostatic attraction lead to ion distributions adjacent to a clay particle in suspension. 
In other words, a classical diffuse double layer is formed by the charged surface and the 
distributed charge in the adjacent phase as shown in Figure 2.1 (Mitchell, 1993). The 
adsorbed cations on the negatively charged surfaces of clay particles are exchangeable. 
They can be replaced by other types of cations, principally controlled by the valence and 
concentration of the replaced ions. The quantity o f exchangeable cations for a given soil 
is termed the cation exchange capacity (CEC) and is usually expressed as milliequivalents 
(meq) per 100 grams of dry clay.
Due to the negatively charged surfaces o f clay particles and coupling effects o f 
electrical and hydraulic potentials, four kinds of electrokinetic phenomena are possible 
(Figure 2.2), namely electroosmosis, electrophoresis, streaming potential and sedimentation 
potential. Electroosmosis is defined as the movement of liquid induced by an applied 
electric field relative to a stationary charged surface. Electrophoresis is defined as the 
movement of a charged surface plus attached material induced by an applied electric field 
relative to the stationary liquid. Streaming potential is the opposite of electroosmosis. It
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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10
is defined as the electric field created when liquid is made to flow along a stationary 
charged surface. Sedimentation potential is the opposite o f electrophoresis. It is defined 
as the electric field created when charged particles move relative to a stationary liquid 
(Probstein, 1994).
In compacted clay, the major electrokinetic phenomenon is electroosmosis. It was 
first observed by F.F. Reuss in 1809. The electroosmosis technique has been used by 
geotechnical engineers since the 1930's as a method o f dewatering soils. Recently, 
interests have shifted to using electroosmosis to remediate contaminated fine-grained soils 
with low hydraulic conductivities. Several theories were proposed to describe 
electroosmosis phenomenon and to evaluate pore water transport under an electrical 
gradient. The most prominent ones are the ionic transport theory, the Helmholtz- 
Smoluchowski model, the Schmid model, and the Spiegler friction model. These theories 
provide a rational explanation of how the pore fluid is transported in electroosmosis. A 
brief review is given by Hamed (1990). The Helmholtz-Smoluchowski theory is most 
widely used. This model assumed that a liquid-filled capillary is treated as an electrical 
condenser with excess charges of one sign on or near the inner surface o f the wall and 
countercharges concentrated in a layer in the liquid a small distance from the wall, as 
shown in Figure 2.3 (Mitchell, 1993). The electroosmosis flow velocity o f fluid v is given
where £ is the zeta potential, D is the relative permittivity, and T| is the viscosity.
by
(2 .1)
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2.3 Principles of Electrokinetic Soil Processing
Electrokinetic soil processing technologies employ low level direct currents, in the 
order o f milliamps per cm2 of cross-sectional area between the electrodes or an electric 
potential difference on the order o f a few volts per centimeter across electrodes, to extract 
contaminants from soils or to inject nutrients into soils. A schematic diagram of the 
electrokinetic soil processing system is shown in Figure 2.4. The applied electric current 
causes electrochemical reactions to occur at the interfaces between the electrodes and 
electrolytes. The species (either produced by the electrochemical reactions or injected 
through the cycling processing fluid) are moved into the soil mass by electromigration, 
electroosmosis, and diffusion. The species in the pore fluid are transported across the 
porous media by the same mechanisms. Sorption and desorption of chemicals on soil 
particles, precipitation and dissolution, and other aqueous phase reactions in the pore fluid 
take place simultaneously. Therefore, upon application of a low level direct current, the 
soil-fluid-electrolyte system undergoes a series of physicochemical changes. These 
physicochemical phenomena are reviewed below.
2.3.1 Electrochemical Reactions
When using electrokinetic soil processing, electrodes are installed in the soil mass. 
Generally, inert graphite electrodes are used for the anode to prevent introduction of 
corrosion products that might complicate the electrochemistry due to electrode dissolution 
reactions. The cathode may be carbon or galvanized steel.
Electrochemical reactions, which take place at the interfaces between the electrodes 
and electrolyte, are induced when direct electric current is applied for electrokinetic soil
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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processing. During the initial period o f the process, the major electrochemical reactions 
are oxidation of water at the anode, where acid is produced, and reduction o f water at the 
cathode, where base is generated, as shown below:
2H20  -  4e~  -  02 1 + 4 H* E °  = 1.229 {anode) (2.2)
I Hj O + 2e~ ~ H 2 \ + 2 OH~ E °  = -0.822 {cathode) (2.3)
When the species in the pore fluid move into the anode and cathode compartments, they 
accumulate there. Then, other electrochemical reactions will occur depending upon the 
concentration of existing species. For example,
2 Cl~ -  2e~ -  Cl21 E °  = 1.358 (2.4)
Me *" + ne ~ -* M e{s) (2.5)
where E° represents the standard electrode potential, which is a measure o f the tendency 
of the reactants in their standard states to proceed to products in their standard states, and 
Me refers to a metal. Some electrochemical reactions, with their standard electrode 
potentials at 25°C, are listed in Table 2.1 (Bagotzky, 1993). In electrokinetic soil 
processing, electrochemical reactions will bring chemicals (either produced by them or 
injected through the cycling processing fluid for conditioning the produced chemicals) into 
the soil-fluid-electrolyte system. For example, heavy metals and other cationic species 
transported into the cathode compartment from pore fluid may be deposited by 
electrochemical reactions at the cathode.
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Table 2.1: Electrochemical Reactions and Standard Electrode Potentials (2S°C) (Bagotzky, 1993)
Reaction E°, V(SHE) Reaction E°, V(SHE)
Li+ + e" ** Li -3.045 HgO + H20  +2e" -  Hg +20H" 0.098
K+ + e"*»K -2.925 Sn4++2e"^Sn2+ 0.154
Ca2+ + 2e" ^Ca -2.866 Cu2+ + e' Cu+ 0.153
Na+ + e" ** Na -2.714 AgCl + e' ** Ag + Cl" 0.2224
Mg2+ + 2e' ** Mg -2.363 Hg2Cl2 + 2e~ ** 2Hg +2C1" 0.2676
Al3+ +3e" ** A1 -1.662 Cu2+ + 2e" Cu 0.337
Ti2+ + 2e" Ti -1.628 Fe(CN)63- + e FeCCN^4- 0.360
Zn(OH)2 +2e" ** Zn +20H" -1.245 Cu+ + e" ** Cu 0.521
Mn2+ + 2e~ Mn -1.180 I2 +2e" 21" 0.536
2H20  +2e' H2 +20H" -0.822 0 2 + 2H+ + 2e" H20 2 0.682
Zn2+ +2e" ^  Zn -0.763 Fe3+ + e" ** Fe2+ 0.771’
S +2e" S2' -0.480 Br2 + 2e" *-> 2Br' 1.065
Fe2+ +2e" ** Fe -0.441 0 2 +4H+ +4e" 2H20 1.229
Cd2+ +2e" ** Cd -0.403 Cl2 + 2e" 2C1" 1.358
Ni2+ +2e" Ni -0.250 Pb02 + 4H+ + 2e" ^  Pb2+ + 2H20 1.455
Sn2+ +2e“ ^  Sn -0.136 Ce4+ + e" ** Ce3+ 1.610
2H+ +2e" H2 0.000 F2 + 2e” ** 2F" 2.870
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2.3.2 pH Changes in Soils
pH is a master variable affecting aquatic chemical reactions and adsorption 
reactions. The zeta potential of the clay surface is determined by pH (West and Stewart,
1995) and the electroosmotic coefficient o f permeability across the soil may be affected by 
the changes of pH (Eykholt and Daniel, 1994). In electrokinetic soil processing, acid is 
produced in the anode compartment and base is generated in the cathode compartment by 
electrochemical reactions. The acid is moved into the soil and transported toward the 
cathode by electromigration due to electric potential; pore fluid advection due to the 
electroosmosis; pore fluid advection due to any externally applied and internally produced 
hydraulic potential; and diffusion due to chemical potential differences. The base is also 
moved into the soil and its motion toward the anode is advanced or retarded by the same 
mechanisms. The pH o f the soil pore fluid will be decreased by the acid in the area 
adjacent to the anode and increased by the base in the area close to the cathode. This 
change of pH will affect the soil-fluid-electrolyte system and bring in both aquatic 
chemical reactions and adsorption reactions. Therefore, the distribution of pH in soil is of 
importance and is measured in most electrokinetic soil processing tests. Figure 2.5 shows 
the development of a pH profile across a 10 cm length, cylindrical Georgia kaolinite 
specimen processed under one-dimensional conditions at a current density of 12.5 pA/cm2 
(Acaretal., 1990).
The change of pH in the pore fluid directly relates to the amount of acid and base 
generated by the electrochemical reactions or the conditioning solutions in the anode and 
cathode compartments(Acar et al., 1990, 1993a, 1996), and the buffering capacity of the
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clay. The buffering capacity o f the clay is related to its cation exchange capacity, organic 
content, and mineralogical composition (Yong et al., 1990).
2.3.3 Adsorption Reactions
The most important chemical processes affecting the behavior of heavy metals in 
soils are those concerned with the adsorption o f metal ions from the liquid phase to the 
solid phase. These processes control the concentrations of metal ions and complexes in the 
pore fluid and, thus, exert a major influence on their transport in soils. The mechanisms 
o f the adsorption of metal ions include cation exchange, specific adsorption, organic 
complexation, and coprecipitation. When multiple heavy metals are present in a soil at the 
same time, the metal adsorbents show differences in selectivity sequences. Table 2.2 
shows the selectivity of soil constituents for divalent metals. Moreover, the adsorption o f 
metal ions is pH dependent (Liang and McCarthy, 1995), as shown in Figure 2.6. A 
decrease in pH (concentration o f FT ion increasing) results in desorption of metal ions by 
an amount controlled by the soil type (Maguire et al., 1981; Harter, 1983; and Yong et al., 
1990).
Therefore, desorption o f heavy metals from the clay is essential for the remedy to 
be efficient in contaminated fine-grained deposits. Acidification of soils by the 
electrochemical reactions will assist in the desorption o f metal ions (Acar et al., 1989; Acar 
and Alshawabkeh, 1993).
2.3.4 Aquatic Chemical Reactions
Chemical species in the soil pore fluid will exist in different forms. For example, 
lead can be present as an aqueous component (Pb2+), as an aqueous complex (e.g.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
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Table 2.2: The Selectivity of Soil Constituents for Divalent Metals (Alloway, 1990)
Adsorbent Selectivity Order
Montmorillonite (Na) Ca > Pb >Cu >Mg >Cd> Zn > Ni
Dlite (Na) Pb > Cu > Zn > Ca > Cd > Mg
Kaolinite (Na) Pb > Ca > Cu > Mg > Zn > Cd
Smectite, Vermiculite and Kaolinite Zn > Mn > Cd > Hg
Albite, Labradorite Zn > Cd > Mn > Hg
Fe Hydrous Oxides Ferrihydrite Pb > Cu > Zn > Ni > Cd > Co > Sr > Mg
Fe Hydrous Oxides Haematite Pb > Cu > Zn > Co > Ni
Fe Hydrous Oxides Goethite Cu > Pb > Zn > Co > Cd
Mineral Soil on Marine Clay Pb > Cu >Zn > Cd > Ca
Peat Pb > Cu > Cd = Zn > Ca
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Figure 2.6: Adsorption o f Fe3+, Cu2+, Cd2+, and Pb2+ on Silica 
as a Function of pH (Liang and McCarthy, 1995)
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Pb(OH)3") or as a precipitate (e.g. PbO(S)), any of which may adsorb on the soil particles 
(Figure 2.7 and Table 2.3). Other common heavy metals (e.g., chromium and zinc) also 
form a variety o f aqueous complexes (Table 2.3) (Pourbaix, 1966). Ambient geochemical 
conditions control solute speciation, which in turn influences strongly the behavior of each 
solute in an electric field.
The aquatic chemical reactions for lead, chromium and zinc are listed in Table 2.3. 
These reactions are related to the concentration of ET ion. Figure 2.7 shows that the 
solubility of lead is dependent on the pH. When the pH is around 10, the solubility reaches 
the minimum point. When pH is very high (> 11), the major species for lead in pore fluid 
is Pb(OH)3_. When the pH is low (< 7), the major species for lead in the pore fluid is Pb2+ 
ion. Moreover, the various metals have different solubility behaviors.
In unenhanced electrokinetic soil processing (without conditioning the process fluid 
at the electrodes), the acid and base are generated in the electrode compartments by the 
electrochemical reactions and moved into the soil as described in section 2.3.2. The 
advance of acid will result in the dissolution of precipitates encounted and may cause 
dissolution o f clay minerals. The advance of base will result in precipitation of heavy 
metals. The acid and base meet together to form water whose pH is governed by its 
autoionization reaction. All these aquatic chemical reactions can be based on the reaction 
equilibrium constants. The precipitation o f heavy metals has tremendous effects on the 
efficiency of the electrokinetic soil processing (Acar et al., 1989; Acar and Alshawabkeh,
1996).
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Table 2.3: Aqueous Complexations, Precipitations and Equilibria Constants for 
Some Heavy Metals (Pourbaix, 1966).
M etal Reaction L o g K ^
Pb2+ + H20  -  H" PbOIT -7.71
Pb
Pb2+ + 2H20  -  2H" Pb(0H)2° -17.12
Pb2+ + 3H20  -  3KT ** Pb(OH)3- -28.06
Pb2+ + H20  -  2H" ** PbO (S) -12.70
Zn2+ + H20  -  H* ** ZnOH" -8.96
Z n
Zn2+ + 2H20  -  2KT ^  Zn(OH)2° -16.90
Zn2+ + 3H20  -3 H " ** Zn(OH)3" -28.40
Zn2+ + 2H20  -2 H " ^  Zn(OH)2(S) -11.50
Cr^ + H jO -H * ^  CrOH2" -3.81
Cr3* + 2H20  -  2KT ** Cr(OH)2+ -9.79
C r Cr3* + 3H20  -  3H" ** Cr(OH)3° -18.06
Cr3" + 2H20  -  4H" ** Cr02' -26.99
Cr3" + 3H20  -  3H" ^  Cr(OH)3 (S) -12.20
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Figure 2.7: Pourbaix Diagram for Lead (Pankow, 1991)
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2.3.5 Nonlinear Distributions o f Electric Potential and Pore Pressure
In unenhanced electrokinetic remediation of soils contaminated with heavy metals, 
the base from the cathode compartment will meet the metal ions transported toward the 
cathode. Precipitation o f  heavy metal hydroxides will occur in the zone close to the 
cathode due to the aquatic chemical reactions. As a result, the conductivity o f the pore 
fluid is decreased greatly in that zone. The electrical potential gradient can be increased 
up to 100 times that of the initial value in that region. However, in the soil adjacent to the 
anode, the acid from the anode compartment will dissolve the precipitates and desorb the 
adsorbed species. As a consequence, the conductivity o f the pore fluid may be increased 
in the acidified zone and the electrical potential gradient will be decreased. Therefore, a 
significant nonlinear distribution of electrical potential between the electrodes will develop. 
Acar and Alshawabkeh (1996) observed that a nonlinear electrical potential distribution 
developed in the pilot-scale test of electrokinetic remediation of lead spiked in kaolinite 
at a concentration of 1533 mg/kg, using a constant direct current density o f 133 pA/cm2 
(PST2), as show in Figure 2.8. Hamed (1990) made a similar observation in a bench-scale 
test of electrokinetic remediation of a soil containing chromium. Likewise Eykholt (1992) 
observed nonlinear effects in a bench-scale test for the electrokinetic remediation of a soil 
containing copper. The species available in the soil, their initial concentrations, their 
interactions with soil and aquatic chemical reactions, and the species generated by the 
electrochemical reactions and/or injected at the electrodes determine the distribution of 
electrical potential (Acar and Alshawabkeh, 1996).
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The nonlinear distribution o f electrical potential will cause suction in the soil. 
Because the electrical potential gradient is significantly higher in the zone close to cathode 
than that near the anode, the electroosmosis fluxes are substantially different in the anode 
and cathode sides. The mass of the pore fluid is balanced only if the difference in pore 
fluid mass required within this zone and supplied by the soil behind it (anode side) could 
be sustained through the pore fluid flux under the developed hydraulic gradients. 
Imbalance results in development o f suction in the soil. Figure 2.8 also shows the 
distribution of pore water pressure developed in test PST2 (Acar and Alshawabkeh, 1996).
The nonlinear distribution o f electrical potential developed in electrokinetic soil 
processing will make the species in the pore fluid transport in a non-uniform manner, 
increase the electric power consumption, and reduce the efficiency of the process.
2.3.6 Enhancement/Conditioning
In unenhanced electrokinetic remediation of heavy metals, the metals precipitate 
close to the cathode compartment. Thus, the contaminants will stay in the soil instead of 
being extracted out of the soil. Acid produced in the anode compartment generally aids in 
desorption of the toxic species and dissolution of any precipitates. However, the 
substantial increase in hydrogen ion concentration and the complementary increase in the 
hydrogen ion transference number may hinder transport of contaminant species. Therefore, 
it is necessary to use different enhancement techniques to overcome the precipitation of 
contaminants close to the cathode compartment and improve the efficiency o f the process.
Acar et al. (1993) stated the general principles for the enhancement techniques as 
follows:
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1. The precipitate should be solubilized and/or precipitation should be avoided.
2. Preferably, ionic conductivity across the specimen should not increase excessively 
in a short period of time both to avoid a premature decrease in the electroosmotic 
transport and to allow transference o f  species o f  interest.
3. The cathode reaction should possibly be depolarized to avoid generation of the 
hydroxide and its transport into the specimen.
4. In the case constant current conditions are used, the precipitate o f the metal with 
this new chemical should be perfectly soluble within the pH ranges attained.
5. Any special chemicals introduced should not result in any increase in toxic residue 
in the soil mass.
6. The cost efficiency of the process should be maintained when the cost of 
enhancement is included.
The use of a weak organic acid such as acetic acid to neutralize and/or depolarize 
the hydroxyl ions generated as a result o f cathode reaction successfully alleviates the 
precipitation problem for most heavy metals and facilitates transport o f species to the 
cathode compartment (Acar et al., 1994; Rodsand et al., 1995; Acar et al., 1995).
2.4 Literature Review of Electrokinetic Remediation Model
Numerical simulation of solute transport is used for the characterization of existing 
contaminant distributions as well as the fate of contaminant transport. Numerical 
simulations of multi-dimensional contaminant transport and hydrochemical transport in 
groundwaters due to chemical and hydraulic gradients have made significant progress in 
the last decade. Mangold and Tsang (1991), Loeppert et al. (1995), and Parkhurst and
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Plummer (1993) have presented summaries of the geochemical, contaminant transport, and 
hydrochemical models, together with their solutions and limitations. Yeh and Tripathi 
(1991) developed and demonstrated a detailed two-dimensional finite element 
hydrogeochemical transport model for reactive multispecies solute transport. This model 
can be applied to heterogeneous, anisotropic, and saturated/unsaturated media, and can 
simultaneously account for chemical processes of complexation, redox, and acid/base 
reactions.
Very few reactive multispecies transport models incorporate electrical gradients. 
Several complications arise due to the electric field applied across the soil for an extended 
period o f time. When electrolyte chemistry is not controlled by conditioning at the 
boundaries (electrodes), electrolysis reactions will generate an acidic medium at the anode 
and an alkaline medium at the cathode. The pH can drop to below 2 at the anode and it can 
increase to above 12 at the cathode, depending upon the total current applied (Acar et al., 
1989; Acar et al., 1990; Acar et al., 1992). The acid front will advance towards the cathode 
by transport mechanisms including migration due to electrical gradients, diffusion due to 
the generated chemical gradient, and pore fluid advection due to prevailing electro-osmotic 
flow, or due to any externally applied or internally generated hydraulic potential 
differences. The base front will advance towards the anode affected by the same 
mechanisms. Typically, there are broad differences in pH along the profile from one 
electrode to the next. These difference will greatly influence the soil-water-electrolyte 
interactions and consequently contaminant transport. Nonuniform electrical potential 
gradients and pore pressures are developed (Acar and Alshawabkeh, 1996). These factors
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introduce unique challenges to the numerical simulation o f multispecies transport of 
reactive components under electrical fields beyond those necessary for transport under 
chemical and hydraulic gradients.
Acar et al. (1988, 1989) presented a one-dimensional pioneering model used to 
estimate the pH distribution during electrokinetic soil processing. The model provided 
reasonably good qualitative agreement with the experimental evaluation of FT ion transport 
and distribution (Figure 2.9). The model considered only the hydronium ion generation at 
the anode and hydroxyl ion generation at the cathode and did not incorporate any acid-base 
reaction between these two species. Furthermore, this model neglected the changes in 
electrical and hydraulic gradients, disregarded the coupling effects of electrical gradients 
with hydraulic gradients and did not incorporate the complicated chemistry and reactions 
associated with the process.
Yeung (1990) and Mitchell and Yeung (1991) developed a model using the 
formalism of non-equilibrium thermodynamics for the simultaneous flows of fluid, 
electricity and chemicals through soils in their study of the feasibility of using electrical 
gradients to retard or stop migration of contaminants across earthen barriers. The one­
dimensional computer model was solved by the integrated finite difference scheme with 
marching-in time domain. The model reasonably predicted the migration of cations and 
anions in compacted clay under hydraulic, electrical and chemical gradients imposed 
simultaneously in a laboratory-scale experiment. The limitations of this model were 
similar to those of the model of Acar et al. (1989). Furthermore, the complicated chemistry
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Figure 2.9: Numerical Simulated pH Distribution in Electroosmosis (Acar et al., 1991)
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of the electrode reactions, specifically the acid/base generation and interactions, were not 
included and nonlinear changes in electrical and hydraulic potentials were neglected.
Shapiro et al. (1989) and Shapiro and Probstein (1993) presented a model which 
included the combined transient effects o f convection due to electroosmosis, diffusion, and 
electromigration of a multicomponent system. Chemical equilibrium and adsorption 
reactions were included. A steady state electroosmotic flux was assumed and calculated 
by averaging the electrical gradient and zeta potential across the soil sample. Shapiro and 
Probstein (1993) utilized a low-order (linear) finite element method in the spatial domain 
and third-order Adams-Bashforth integration in time. The results were compared with the 
experiments for the case of constant voltage at boundaries. Comparisons displayed a good 
agreement in one case o f acetic acid removal from a kaolinite specimen o f 40 cm length. 
Other experiments did not show good agreement with the model results. This model 
assumes that the soil medium is incompressible and it disregards the changes in the 
hydraulic potential distribution. The coupling effects between hydraulic and electric 
potentials are also overlooked. Jacobs et al. (1994) enhanced the model Shapiro et al. 
(1989) by incorporating complexation and precipitation reactions. The model showed good 
agreement with the experimental recovery o f zinc from a soil containing excess sodium 
ions.
Eykholt (1992) and Eykholt and Daniel (1994) developed a model to investigate 
the effect o f system chemistry on the electrokinetic transport of copper in a bench-scale, 
kaolinite medium. The modified Helmholtz-Smoluchowski equation was used in which 
the relationship between C potential and pH, defined by streaming potential measurements
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(Lorenz, 1969), was incorporated in the electroosmotic coefficient o f permeability. One 
transport differential equation was formed by subtracting the equation describing OH" ion 
transport from the equation describing IT  ion transport and assuming that hydronium and 
hydroxyl ions have the same diffusion coefficients and ionic mobilities. The approach of 
using a dummy concentration of the difference between ET and OH" concentrations has 
been widely used in modeling contaminant transport in groundwater to eliminate the rate 
o f chemical reactions, such as water acid-base reactions, from the differential equations 
(Miller and Benson, 1983). However, it is confusing to use this approach in the case of 
species transport under electric gradients, even when the equal ionic mobility assumption 
is made for the two species. In an electric field, OH" ion migrates in a direction opposite 
to that of FT ion migration because o f their opposite electric charges. However, the 
transport direction of OH" ion was taken to be the same as that o f the H+ ion in this model, 
in order to simplify the differential equations. This model showed that a negative pore 
water pressure may develop in the soil due to changes in zeta potential owing to the pH 
profile developed across the soil. The developers used the proposed empirical relation 
between zeta potential and pH to predict changes in the electric potential distribution. 
However, they mostly overlooked the effects of other species on the electric potential 
distribution. Recent studies disclosed that changes in zeta potential are significantly 
affected by the concentration of other species in the solution (West and Stewart, 1995). 
Since an averaging technique was employed in the formalism, the model does not offer an 
assessment of the nonlinear electrical potential gradients that affect the suction 
development in soils. Acar and Alshawabkeh (1996) noted that a substantial amount of
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suction can be developed as a result of the nonlinear potential distribution developed in 
experiments.
Alshawabkeh (1994) and Alshawabkeh and Acar (1996) developed a mathematical 
model for multi-component species transport under coupled hydraulic, electric, and 
chemical potential gradients. A set o f differential equations were developed from mass 
balance of species and pore fluid together with charge balance across the medium. 
Sorption, aqueous phase and precipitation reactions were accounted for by a set of 
algebraic equations. Transport o f IT, OH", Pb2+, N 03 “ions, the associated chemical 
reactions, electric potentials and pore pressure distributions across the electrodes in 
electrokinetic remediation were modeled. Model predictions of acid transport, lead 
transport, and pore pressure distribution displayed very good agreement with the pilot-scale 
test results. The limitation of the model is the fact that only four ionic species (FT, OH”, 
Pb2+ and N 03") and one precipitate Pb(OH)2 were incorporated into the mass transport and 
chemical reactions. Moreover, the model did not incorporate the boundary conditions 
which can be used to simulate the conditioning chemistry at the boundaries and dissolution 
chemistry.
A summary of the models which have been developed in order to simulate the 
transport of species under electric fields is listed in Table 2.4.
It is necessary to develop a generalized numerical model for electrokinetic soil 
processing to develop a more fundamental scientific understanding of the electrokinetic 
remediation process and to offer a design/analysis tool for full-scale in-situ application of 
the technique. The model should include multi-species transport mechanism under an
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electric field and the chemistry associated with the process, as well as include time- 
dependent boundary conditions which correspond to the regulated fluid chemistry at the 
anode and cathode compartments, or the injection of species from these compartments.
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Table 2,4: Summary of Developed Electrokinetic Soil Processing Models.
M odel
Mass Balance Chemical Reactions Time-
Dependent
B.C.Fluid Species Charge Electrolysis Adsorption Complexation Precipitation
Acar et al.(1988) 
(LSU) NO YES NO YES NO NO NO NO
Yeung et al. (1990) 
(Berkeley) YES YES NO NO YES NO NO NO
Shapiro et al. 
(1989,1993) (MIT) NO YES YES YES YES NO NO YES
Eykholt et al. 
(1992)(UT, Austin) NO YES NO YES NO YES YES YES
Jacobs et al. 
(1994) (MIT) NO YES YES YES YES YES YES YES
Alshawabkeh 
(1994) (LSU) YES YES YES YES YES NO YES NO
U>
CHAPTER 3
MATHEMATICAL MODEL
3.1 Introduction
A generalized and refined mathematical model for electrokinetic soil processing 
(based on an earlier model of Alshawabkeh and Acar, 1992, 1996; Alshawabkeh, 1994) is 
presented in this chapter. The model describes the transport o f  chemical species, fluid, and 
charge under strongly coupled electric, hydraulic and chemical potential gradients. The 
original model presented by the authors indicated above has been generalized by adding 
the following elements: (1) the transport equations are presented in an analytical general 
form which is not limited to specific dimensional space; (2) The model describes the 
interplay between mass transport and chemical reactions pertaining to sorption, 
precipitation/dissolution, water auto-ionization, complexation and electrolysis; (3) different 
procedures are identified to find the electrical potential distribution when the DC is applied 
by controlling constant current or constant electrical potential difference; and (4) the time- 
dependent boundary conditions corresponding to the conditioning o f the electrolyte in the 
anode and cathode compartments are presented and introduced to the numerical model to 
solve ion injection for enhancing bioremediation..
36
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3.2 Basic Assumptions
Electrokinetic soil processing is an extremely complicated physicochemical 
process. Appropriate simplifying assumptions are necessary, in order to conduct numerical 
simulation under realistic conditions. The following basic assumptions to formalize multi­
species transport o f reactive components in soils under electric fields are made in the 
earlier model and this model.
(a) The soil medium is homogeneous, isotropic and saturated.
(b) All fluxes are linear homogeneous functions o f potential gradients.
© Isothermal conditions prevail.
(d) All the applied voltage within the soil mass is effective in fluid and charge 
transport.
(e) Electrophoresis is not present.
(f) The hydraulic conductivity and coefficient o f volume compressibility are constant 
in time.
(g) The chemico-osmotic coupling is negligible.
(h) The chemical reactions are at instantaneous equilibrium.
(I) Soil particles are treated as electrically nonconductive.
(j) Surface conductance and streaming potentials are negligible.
(k) The aqueous component species are soluble species that are subject to the 
transport processes, whereas the precipitated species, sorbent component species, 
and sorbed species are not subject to the transport processes.
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Most of the stated assumptions provide a reasonably realistic but practical 
representation of the actual system. Other assumptions were also required because a 
limited understanding of the physical or chemical specific processes exists. However, it 
is acknowledged, that as experience in the use o f  the model increases and more 
comparative experimental data are obtained, additional refinements may be necessary. 
Justifications of some o f these assumptions are presented below, while further discussion 
is presented throughout the Dissertation.
A specific amount of the applied electric energy will be consumed in the generation 
of heat, which will generate thermal gradients. The effects of the generated thermal 
gradient on the transport processes and on the performances and efficiencies of 
electrokinetic processing are not included herein. Data disseminated from unenhanced 
pilot-scale studies indicated that temperature could rise on the order o f tens of degrees 
Celsius during the process (Acar and Alshawabkeh, 1996). Similar data have been 
disseminated by Shapiro and Schultz (1995). Formalization of the effect o f temperature 
on the efficiency of the process is needed. However, such a development is outside the 
scope of this study. In this study, an isothermal system is assumed where all the applied 
electrical energy is available for transport and heat effects are neglected.
Electrophoresis is a significant transport mechanism for clay suspensions. In the 
case o f compacted or even soft clay deposits, electrophoresis will have a limited 
contribution to charge transport under electric currents. Therefore, the assumption of no 
electrophoresis is assumed to be valid in this study.
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Generation and dissipation of pore water pressure in soils result in consolidation 
and changes in soil porosity. The coefficient of hydraulic conductivity, electroosmotic 
permeability, and soil compressibility are expected to change in time and space as a result 
o f soil consolidation. In some cases, such as clay or very soft clay, consolidation greatly 
affects porosity, hydraulic conductivity, and soil compressibility. However, in compacted 
and medium to stiff clays, changes in hydraulic conductivity are not expected to be 
significant. The effects o f these changes are not accounted for in the model herein 
developed because the uncertainty in evaluating the changes in these parameters would be 
more than the actual changes expected in their values.
The theoretical development presented in this thesis is for two-dimensional 
conditions and the developed program is for two-dimensional transport conditions. 
However, verification o f  the code and simulation of the two experimental studies are 
limited to one dimensional space.
3.3 Mass Transport Under an Electric Field
During the electrokinetic remediation of soils under an electric field, pore fluid, 
species and charge flux will be produced under heavily coupled hydraulic, electric and 
chemical potential gradients.
3.3.1 Fluid Flux
The coupled fluid flux due to hydraulic, electric and chemical potential gradients 
is described by,
j .  = * » ^ )  ♦ * .? ( -< »  (3.1)
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where Jw is the fluid flux per unit area of porous medium (m/sec), V is the gradient 
operator, kb is the hydraulic conductivity (m/sec), h is the hydraulic head (m), <J> is the 
electric potential (V), and 1^  is the electro-osmotic coefficient o f permeability (m2V~lsec_I). 
The part o f fluid flux due to chemical potential gradients (chemico-osmosis) is neglected 
in Eq. 3.1. This component becomes significant only in the presence o f large chain 
molecules and in very active clay deposits (Mitchell et al., 1973).
The first term of the fluid flux in Eq. 3.1 is produced by the hydraulic gradient and 
is modeled by an equation known as Darcy’s law. Methods of measurement and factors 
affecting hydraulic conductivity kh have been described by Mitchell (1993). The second 
term of Eq. 3.1 indicates the fluid flux due to electrical potential gradient, called 
electroosmosis. The widely used theory to describe k,. is that developed by Helmholtz- 
Smoluchowski (Harter, 1983), i.e.,
where e is the permittivity o f the pore fluid (C2N”lm"2), C is the zeta potential (V), r| is the 
viscosity (N«sec»m-2), and n is the porosity.
Hydraulic conductivity (k j  is significantly influenced by pore size and its 
distribution in the medium (Acar and Olivieri, 1990). However, according to the 
Helmholtz-Smoluchowski theory, the electroosmotic coefficient of permeability (k j  is 
dependent mainly on the porosity and zeta potential. Zeta potential is dependent on the 
concentration o f ions and pH o f the pore fluid. Extensive research has been carried out on 
the zeta potential of the glass-water interface. There is a good qualitative agreement in the
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results o f different studies. These studies indicated that the zeta potential changes linearly 
with the logarithm of concentration, described by (Kruyt, 1951),
C = A - B  log( C) (3.3)
where A and B are constants that can be determined by experiment, and C is the total 
concentration o f the electrolyte present.
3.3.2 Species Flux
The coupled species flux due to hydraulic, electric and chemical potential gradients 
is described by,
J, = C'.JW + D ' V (-c )  + c u' V(-<J>) (3.4)
where i expresses the ith chemical species, i = 1, 2,..., N; N is the number of total species; 
Jj is the flux of species i (mol«m"2sec_l); q is the concentration of species i (mol/m3); D * 
is the effective diffusion coefficient of species i (m2/sec); and u;* is the effective ionic 
mobility o f  species i (m2V_1sec_1). Each of the three terms in Eq. 3.4 represents, in turn, 
the flux o f species i produced by hydraulic, chemical and electric potential gradients.
The effective diffusion coefficient Dj* in the porous medium is related to the 
respective diffusion coefficient in the free solution Dj by (Acar and Haider, 1990; 
Shackelford and Daniel, 1991):
D; = t  n D ( (3.5)
where t is an empirical coefficient accounting for the tortuosity of the medium. Values of
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r  span over a wide range for different soils. These values can be as low as 0.01 to as high 
as 0.84, mostly ranging between 0.2 to 0.5 (Shackelford and Daniel, 1991). Generally, 
column tests are required to determine the value o f x for a specific soil type.
The effective ionic mobility Uj* is defined as the velocity of the ion in a soil pore 
under unit electric potential gradient. There is no method yet devised to measure the 
effective ionic mobility. However, Uj* can be theoretically estimated by assuming that the 
Nemst-Townsend-Einstein relation between D; and Uj is effective for ions at infinite 
dilution in the pore fluid o f soils (Holmes, 1962);
D, |r,| F  D -  |z f| F
w, = t  n ut. -  x n ------------- =   (3.6)
R T R T
where F is Faraday’s constant (96485 C/mol); R is the universal gas constant (8.314 
n r t n o r 1); T is the absolute temperature (°K); and Zj is the valence of species i. Diffusion 
coefficients for different ions at infinite dilution have been evaluated and reported by 
various authors. Tables 3.1 and 3.2 present diffusion coefficients and ionic mobilities for 
some representative ions at infinite dilution at 25°C. It should be noted that ionic mobility 
values at infinite dilution are not appropriate at high ionic strengths, where non-ideality 
effects appear.
Substituting Jw (Eq. 3.1) into Eq. 3.4, gives:
J t = c, kh V(-/i) + D; V ( - c #) + c, (*. H- u ’) V(-<j>) (3.7)
This equation represents the flux of the ith species.
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Table 3.1: Diffusion Coefficients and Ionic Mobilities o f Representative Cations 
at Infinite Dilution (25°C) (Lide, 1996)
Cation DjXlO6cm2/sec.
UjXlO5
cm2V-1sec-1 Cation
D;Xl0 6
cm2/sec.
u^lO 5
cm2V-lsec_1
Ag' 16.48 64.17 FC 19.57 76.21
At3' 5.41 63.20 La3' 6.19 72.31
Ba2' 8.47 65.97 LF 10.29 40.07
Be2' 5.99 46.65 Mg2' 7.06 54.98
Ca2' 7.92 61.68 Mn2' 7.12 55.45
CcP' 7.19 56.00 n h ; 19.57 76.21
Ce3' 6 . 2 0 72.43 NJHf 15.71 61.18
Co2' 7.32 57.01 N a' 13.34 51.95
C o (N H Jt 9.04 105.61 Nd3' 6.16 71.96
Co(en)33' 6.63 77.45 Ni2' 6.61 51.48
Cr3' 5.95 69.51 Pb2' 9.45 73.60
Cs' 20.56 80.06 Pr3' 6.17 72.08
Cu2' 7.14 55.61 Ra2' 8.89 69.24
Dy3' 5.82 67.99 R b' 20.72 80.69
Er3' 5.85 68.34 Sc3' 5.74 67.06
Eu3' 6 . 0 2 70.33 Sm3' 6.08 71.03
Fe2' 7.19 56.00 S r ' 7.91 61.60
Fe3' 6.04 70.56 IT 19.89 77.45
Gd3' 5.97 69.74 Tm3' 5.81 67.87
W 93.11 362.58 U O 2' 4.26 33.18
Hg2' 8.47 65.97 Y3' 5.50 64.25
Ho3' 5.89 68.81 Yb3' 5.82 6 8 . 0 0
Zn2' 7.03 54.75
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Table 3.2: Diffusion Coefficients and Ionic Mobilities o f Representative Anions 
at Infinite Dilution (25°C) (Lide, 1996)
Anion Dj* 1 0 6cm2/sec.
UiXlO5
cm2V"lsec~l Anion
D^ 1 0 s 
cm2/sec.
Uix 1 0 5
cn^V'sec ' 1
Au(CN)f 13.31 51.83 HS- 17.31 67.41
A u(CN)4~ 9.59 37.34 HSO3- 13.31 51.83
B ( C ^ ; 5.59 21.77 h s o 4~ 13.31 51.83
Br~ 20.80 81.00 H £ b O ; 8.25 32.13
Br3 11.45 44.59 r 20.45 79.63
B rO f 14.83 57.75 IO3- 10.78 41.98
c r 20.32 79.13 I0 4~ 14.51 56.50
C lO f 13.85 53.93 N(CN)f 14.51 56.50
CIO3 17.20 66.98 N O f 19.12 74.46
CIO4 17.92 69.78 NO3- 19.02 74.07
CAT 20.77 80.88 NHyS0 3- 1 2 . 8 6 50.08
CO32- 9.23 71.89 * 3- 18.37 71.53
C o(C N )t 8.78 102.57 OCN~ 17.20 66.98
C r O t 11.32 88.16 OIF 52.73 205.34
F- 14.75 57.44 p f 6~ 15.15 59.00
F e(C N )t 7.35 114.49 PO3F2- 8.43 65.65
F e(C N )t 8.96 104.67 P O f 6 . 1 2 71.50
H iAsO i 9.05 35.24 P 074- 6.39 99.53
HCO3- 11.85 46.15 p p t 7.42 8 6 . 6 8
H F f 19.97 77.77 PiO 10^ 5.81 113.12
H P O t 4.39 34.19 R e04~ 14.62 56.93
h j >o 4- 8.79 34.23 s c t r 17.58 68.46
12.25 47.70 S e a r 17.23 67.10
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3.3.3 Charge Flux
The charge flux, or the current density Je (I/m2), is associated with the flux of 
electrically charged species. Utilizing Faraday’s law for the equivalence of the current 
density (Koryta and Dvorak, 1987);
is the effective electrical conductivity o f the fluid in the pore soils. As mentioned above, 
this is strictly only the case for dilute systems.
The first term of Eq. 3.10 describes the current density produced by the chemical 
potential gradient and the second term describes the current density produced by the 
electric potential gradient. The hydraulic potential gradient produces no contribution to 
the current density.
(3.8)
Substituting the J; value (Eq.3.7) into the above equation and employing the preservation
of electrical neutrality given by:
(3.9)
i=i
yields:
j .  -  a-VC-*) (3.10)
where
(3.11)
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3.4 Governing Equations for Mass Transport
Conservation of fluid, species, and charge in the continuum results in the following 
time-dependent equations, which govern coupled transport o f reactive species under 
electrical field.
8 c
n —i = -V*J,+ nR. (3.12)
dt
dev
(3-13)
—
Tte = ~ ™ e (3.14)
where ^  is the volumetric strain of the soil medium; Te is volumetric charge density of the 
soil (Q/m3); t is the time; V» is the divergence operator; and R; is the production rate of the 
species i per unit fluid volume due to sorption/desorption, precipitation/dissolution, and 
aqueous phase chemical reactions.
From consolidation theory, when Jw given by Eq. 3.1 is substituted into Eq. 3.13,
we get
I? = C" ^  * ^ V V!<t> (315)d l  m v yw
where V2 is the Laplace operator; Cv is the consolidation coefficient (m2/sec); n^ is the 
coefficient of volume compressibility (m2/N); and y w is the density of the fluid.
The volumetric charge density is related to the electric potential by:
Te = CP (3.16)
where Cp is the electric capacitance per unit volume (C/m3).
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In the pore fluid o f soil medium, electrical neutrality is maintained, so electrical 
capacitance is zero (Cp = 0). Substituting Je given by Eq. 3.10, into Eq. 3.14 yields the 
following equation:
a* V24 > + I*,I <  Vc,) v<t> +F E  Dt V2c, = 0  (3.17)
/=i i=i
This equation describes the relation between the electrical potential and species 
concentration.
Substituting J;, given by Eq. 3.7, into Eq. 3.12, yields:
n -^ -  = D t’ V2c( + [(«,* -*-£e)V<J> +khVfi\ Vc + [(u ’ + ^  ) V2^  +khV 2h\ c +«/?. (3.18)
a t
Eqs. 3.15, 3.17 and 3.18 which describe the multi-species transport in soils under an 
electric field are essentially the same as those in the earlier models but they are expressed 
in a general form which is not limited to specific dimensional space. This group of partial 
differential equations are strongly coupled with nonlinear algebraic equations describing 
chemical reactions.
3.5 Chemical Reaction Analysis
During the electrokinetic remediation process, the variation in soil pH will result 
in significant changes in the chemistry of the pore fluid. Accordingly, chemical reactions 
between the components and complexes present will occur, depending on the concentration 
o f these species and the chemical equilibrium constants. These reactions are identified as 
aqueous phase reactions, dissolution/precipitation reactions, and adsorption/desorption
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reactions. The redox reactions are assumed to only take place in the electrode 
compartments.
Considering that the transport processes of these chemical species may be assumed 
to be slow compared to the rates of the chemical reactions, the assumption of instantaneous 
equilibrium for these chemical reactions is applied in the modeling analysis.
There appears to be two distinct techniques to incorporate chemical reactions for 
modeling multispecies transport in soils. The interaction chemistry may be posed 
independently of the mass transport equation. This produces a set of algebraic equations, 
which describe chemical reactions, coupled to a set of differential equations which describe 
the multispecies transport. The alternative technique is to insert all of the interaction 
chemistry directly into the multi-species transport equations and reduce the problem to one 
equation set. The technique of separating the two sets of equations has been used with 
some success and does offer some very attractive advantages (refer to chapter 4.1 for 
detailed descriptions) (Robbins et al., 1980). In this study, the method of separating the 
two sets of equations was used.
Comprehensive computer codes such as SOLMNEQ, WATEQ, REDEQL, and 
MINTEQA2 are currently available to automate these computations (Jennings et al., 1982). 
However, although these software are all extremely powerful, there are disadvantages in 
using them for multi-species transport under hydraulic, chemical and electric potential 
gradients. The existing solution equilibrium packages are very general and are quite large. 
They consume long CPU times for already complex mass transport differential equations. 
Furthermore, the number of variables necessary for proper execution of the packages is far
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beyond that which is needed in electrokinetic remediation or injection. A simplified 
solution for chemical reactions is developed for this model in order to improve the 
computational efficiency.
In this research project, eight chemical components, four cations and four anions, 
will be considered in the multi-species transport model. Sorption, precipitation/dissolution, 
and aqueous phase chemical reactions will be included in the model. The relationships will 
be provided in a generalized form so that the model can be used for any set of four cations 
and four anions.
3.5.1 Adsorption Reactions
It will be assumed that only positively charged metal components will be adsorbed 
by soil surfaces. Generally, the Freundlich and Langmuir isotherm models are widely used 
for adsorption reactions. However, these models do not consider the effect of pH. In the 
electrokinetic remediation process, there are typically broad differences in pH along the 
profile from one electrode to the next. It is necessary to use an adsorption model which can 
include the effect of pH. The following model developed by Theis and Iyer (1995) will be 
used.
W e  )ads = ----- 3 2 ----------   (3.19)
P n  ]
where M,. refers to a metal, n+ is the valence o f the metal ion, {M ^} ^  is the 
concentration of adsorbed metal ion, Sf is the total available binding site concentration, and 
is the apparent sorption constant. ST and can be determined using a nonlinear
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least square regression o f experimental data. The advantage o f this model is that using 
only one mathematical equation can express the effect o f pH on adsorption.
3.5.2 Aqueous Phase Reactions
It will be assumed that Nx number of complexes are formed from eight components. 
The concentration o f the complex j will be calculated by
x j  = K r H c ?  j = 1. Nx (3.20)/* I
where x, is concentration of the complex j, KJ-eq is the equilibrium constant for the formation 
o f complex j, Cj is the concentration of the component i, and a^  is the stoichiometric 
coefficient in complex j for component i.
3.5.3 Precipitation/Dissolution Reactions
It will be assumed that Np number of precipitates are formed from eight
components. The production of the precipitate j will not be formed until the solution is
saturated. Therefore, the law of precipitation reactions will be written as
K7  = II c , '  j -  1 . .... N, (3.21)F=l
where KJ-,p is the solubility product equilibrium constant for the precipitate j and b  ^is the 
stoichiometric coefficient in precipitate j for component i.
Based on mass conservation for each component, one obtains the following 
nonlinear algebraic equations from considering the above equilibria of chemical reactions
T, = «, * E  1%  IT  c"“ ♦ E  Ptl * ( A C U ,  J “  1. * (3 2 2 )
k=  I »=1 Jt=l J
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where T, is the total concentration for component j, pkj is the concentration of precipitation 
containing component j, and {Men*}ad(j is the concentration of adsorbed component j.
The nonlinear algebraic equations of Eq. 3.22 can be solved by using the Newton- 
Raphson method. The solutions o f the Eq. 3.22 are the concentrations of the species at 
equilibrium.
3.6 Development of Boundary Conditions
The control o f the chemistry at the electrodes, by not only preventing re- 
precipitation of metal hydroxides near the cathode, but also enhancing the solubility of 
ionically charged species, determines the efficiency of the electrokinetic remediation 
process. Moreover, the injection o f grouts, microorganisms and nutrients by using the 
electrokinetic technique is achieved by the control of the chemistry at the electrodes. 
Developing the time-dependent boundary conditions corresponding to regulating the fluid 
at the anode and cathode compartments and the subsequent injection of species are very 
important in electrokinetic remediation. Numerical simulation of the process can therefore 
be a useful tool in providing guidance for the identification o f optimum operating 
conditions.
3.6.1 Boundary Conditions for Fluid Transport
S, and S2 will be used to express the boundaries at the anode and the cathode, 
respectively. Generally, the hydraulic head difference between the cathode and the anode 
is controlled and kept at zero. So, the boundary conditions for the fluid transport partial 
differential equation will be
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3.6.2 Boundary Conditions for Charge Transport
In the electrokinetic remediation process, two methods are used to apply DC 
electrical current in a soil: constant current or constant voltage. Under constant electrical 
potential between the electrodes, the boundary conditions for the charge transport partial 
differential equation are
$  I <?,=£<> (3.24)
4>ls2 = 0  (3.25)
where E„ is the total electric potential drop in the soil between the electrodes. Since the 
electric potential drops in the electrode compartments due to the electrochemical reactions 
are small generally compared to the total voltage drop across the soil body, the total electric 
potential difference between the electrodes can used approximately as E„.
Under constant current, and when one dimensional conditions are employed, the
electrical potential can be found using the charge flux equation, which is a conventional
differential equation and still satisfies the charge conservation:
J. = F E  Di  V(-c ,) + o '  V(-<t>) (3.26)
Fl
where Je is constant. The boundary condition of Eq. 3.26 is
‘H s, = 0  (3.27)
For certain restricted two-dimensional conditions only, we may assume that the 
charge flux is uniform in the medial section. Using this charge flux and the above method,
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we can approximately find the electrical potential at the anode. Then, using this electrical 
potential as the boundary condition for the charge transport partial differential equation, 
the electrical potential distribution can be found if necessary.
3.6.3 Boundary Conditions for Species Transport
Assume the fluid volumes of the anode and cathode compartments are constant. 
For the species transport partial differential equations, conservation of mass in the anode 
and cathode compartments results in the following boundary conditions.
At the anode: 
dc a
v a - 5 -  = - f  \d ; v (^ ,>  + c,.(W;  + *e)V H > ) + Cik h v{-h )\ds
dt Jst l  ^ (3.28)
’  ia a  n  a  n ea
c i ~ % ci + % + %* [£. - *»v(-*) F  * «,
At the cathode:
dc c
K - r -  = f  * «,(*,' -  *«)V(-<t>) <■ c,khv(-h)\is
d> JV  1 (3.29)
f  [*.V(-*) .  *„V(-A) JC  -  , 1 "  -  ♦ R ‘,
where V, and Vc are the fluid volumes in the anode and cathode compartments, c-,* and c ' 
are the concentrations of species i in the anode and the cathode compartments, Cj“ and c? 
are the concentrations of species i in the conditioning solutions to the anode and the 
cathode compartments, q, and qc are the velocities of removing the fluid from the anode 
and the cathode compartments, Rj* and Rjc are the production rates of the aqueous species 
i due to chemical reactions in the anode and cathode compartments, and Rj“  and are
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the production rates of the species i due to heterogeneous electrochemical reactions at the 
anode and the cathode compartments.
3.7 Summary
In this chapter, a generalized model for electrokinetic soil processing is expanded. 
In the model, a set of partial differential equations are built based on the conservation of 
fluid, species, and charge. Chemical reactions pertaining to sorption, 
precipitation/dissolution, aqueous phase, water autoionization, and electrolysis are included 
in the model. The boundary conditions corresponding to the mass transport equations are 
described.
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CHAPTER 4
NUMERICAL IMPLEMENTATION
4.1 Introduction
The theoretical formalism produces strongly coupled nonlinear differential and 
algebraic equations with time-dependent boundary conditions. Selecting a suitable 
numerical algorithm plays a key role in achieving a stable and accurate solution.
Currently, there are three approaches to solving coupled species transport and 
chemical reactions at equilibrium: (1) the differential and algebraic equations (DAE) 
approach in which the transport equations and chemical reaction equations are solved 
simultaneously as a system (Miller and Benson, 1983; Lichtner, 1985); (2) the direct 
substitution approach (DSA) in which the chemical reaction equations are substituted into 
the transport equations to form a highly nonlinear system of partial differential equations 
(Volocchi et al., 1981; Jennings et al., 1982; Rubin, 1983; Lewis et al., 1987); and (3) the 
sequential iteration approach (SIA) in which the species transport equations and chemical 
equilibrium equations are considered two subsystems (Kirkner et al., 1984; Yeh and 
Tripathi, 1991).
Both the DAE and DSA approaches require simultaneous solution of a significant 
number of equations with spatial derivatives. Thus, they are too computer-intensive for
55
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realistic applications. Since the transport equations for different species are identical in 
form, it is more convenient to solve them one by one independent o f each other. All other 
secondary dependent variables can then be obtained from the set of chemical equilibrium 
reaction and species mass balance equations. The sequential approach between partial 
differential transport equations and chemical equilibrium algebraic equations provides the 
best hope for realistic and practical applications (Walter et al., 1994). This approach was 
taken by Alshawabkeh/Acar and taken in this project.
For the partial differential transport equations, the finite element method will be 
used because it is more appropriate in treating the flux boundary conditions; it has the 
ability to discretely describe complex boundaries; and it is easier to use this procedure in 
calculating the cross-derivative terms. To solve the chemical equilibrium algebraic 
equations, which are nonlinear algebraic equations, the Newton-Raphson method will be 
used.
4.2 Solution Procedure
The theoretical formalism discussed in the previous chapter produced a set of 
coupled partial differential equations describing transport of fluid, charge, and species with 
a group of nonlinear algebraic equations describing the chemical reactions. The calculation 
steps required to advance the solution from a known state at time level T; to the next time 
level are summarized as follows:
1. From time Tj = 0, solve the species transport partial differential equations to get the 
species concentration distributions at the new time level T,+At, using the initial 
conditions of species concentrations, electrical potential, and water pressure.
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2. Solve the nonlinear algebraic equations to get the species concentrations reaching 
chemical equilibrium at time level Tj+At.
3. Solve the charge differential equation to get the electrical potential distribution at 
time level Tj+At, using the species concentrations determined in step 2 to calculate 
electrical conductivity.
4. Solve the fluid transport partial differential equation to get the water pressure 
distribution at time level T;+At, using the electrical potential results from step 3 to 
find the second derivative of electrical potential.
5. Repeat steps 1-4 to advance the solution.
In the solution, the time increment step At has to be determined. Since heavy 
coupling effects are included in the model, it is very difficult to calculate the At from other 
parameters. Under this condition, a trial and error method is used to find the best At for 
a given problem. In this project, At used is in the range of 0.01 to 0.1 day.
4.3 Finite Element Solution of Mass Transport Equation
In this project, the same numerical method as in the earlier model is used. The 
software developed for simulating multi-species transport in soils under electric fields is 
restricted to one-dimensional geometries. The general two-dimensional governing 
equation for mass transport with zero and first order production rates is given by
n dc „ d2c  ^  d2c dc dc „R —  = D  +DV v — - v — - K c + y  ( 4  n
dt Xdx2 y dy 2 X d* y dy 1 U
where R  is the retardation factor; Dx and Dy are the diffusion coefficients in the x  and y  
directions, respectively; vx and vy are the flow velocities in x  and y  directions, respectively;
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K  is the coefficient o f the first order production rate; and y  is the zero order production 
rate.
In order to solve the mass transport equations, the boundary conditions have to be 
defined. For a two-dimensional geometry Q, as shown in Figure 4.1, the boundary 
conditions are given as
c = (4.2)
on boundary I \ ,  and
f \ dc dc( v n  + v n )c -  D —n -  D  — n -  q (a 3 ^
V x x  y  y /  Xdx y dy  y
on the boundary T2, where q is the mass flux on the boundary, and n £nd n fre  the 
direction cosines of the unit vector normal to the surface T. Equation 4.2 is called the 
Dirichlet condition and equation 4.3 is called the Neumann condition.
4.3.1 Variational Method
The variational method is used to form the finite element equation, since the finite 
element method is a technique for constructing approximation functions required in an 
element-wise application of any variational method (Reddy, 1993).
The integral equation of the governing equation 4.1 is given as
i =LP  i j L - v  ^ £ - v  — -JCct Y - R  —cbc2 y d y 2 xd* dt dxdy (4 .4 )
where Q is a domain with the boundary of r .  The first variation o f the integral equation 
gives
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X
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Figure 4.1: Two-Dimensional Geometry with Boundary Conditions
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6.7 = f  5 c L  S?£-+D —  - v —  - v  —  -  K c + y ~R —
1 Ja [ z dx2 y d y 2 &dxdy
Using Green’s theorem, we get
= l d c D / ^ l , 5 c D ^ - f A S D - 
L6cd4 A*d^ -IAw)d^
-  f^cD/^ds A j'tc D ^ - j f s j ^
Considering the boundary conditions (equations 4.2 and 4.3), we obtain, 
I 6 cDr — n_ds = I bcD — n ds = 0Jr, Jr, y *  y
1 6c[D' ! l ' ,x = f r H w  +v p c -'?]
^ -d x d y
Xbx
— dxdy  
y by
ds
Substituting equations 4.6-4.9 into equation 4.5, leads to,
^ /»
dxdy
dxdy
v - !
Jq
-  f  [s(— r ^ - + 6 ( — ] D
J q L 1 8x/ &  l 6^ /  *y. 
+ I 8C[(V,«* + Vy*ly)c-q]dS
Jr,
(4.5)
(4.6)
(4.7)
(4.8)
(4.9)
(4.10)
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This equation is the first variation of the integral equation with the incorporation 
o f the specific boundary conditions.
4.3.2 Finite Element Formulation
For two-dimensional geometry, eight-node quadrilateral isoparametric elements 
are used in this project. Eight-node elements are employed in order to reasonably 
calculate the first and second order derivatives o f the dependent variables which appear 
in the mass transport equations due to coupled effects. An eight-node element is shown 
in Figure 4.2. In terms of the local coordinates £ and q, the interpolation functions [N] are 
given by,
w, -  - ^ ( i  - 0 ( 1  - n ) 0  * 5 * n )  
N} = - k l * 5 ) ( i - n ) ( i - 5 * T i )4
K  = | ( i * 0 ( i - n J)
2  (4.11)
Ns = - - ( 1  + 0 ( 1  +Tl)(l - I  - q)
4
= | ( i - ? ) ( i * n )  
at, = -I<i - o ( i  *ti)0 *5-ii)
4
Nt ~  ^ i - o o - V )
and the matrix of interpolation functions is
[N] = [N, N 2 N, N4 Ns N6 N 7 N,] (4 .1 2 )
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(0, 1)
( 1 , 1 )
(1. 0)
( - 1 . " I )
- 1)
( 1 . - 1 )
Figure 4.2: Eight Node Quadratic Isoparametric Quadrilateral Element
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Since an isoparametric element is used, the global coordinates o f x and y and the 
physical variable c at any point in the element can be expressed by the interpolation 
functions [N],
8
x = = 5 > , * :
1 = 1
.v = [ATI W  -  X > U
i = l
c = IN] {c } = 'EM, c
(4.13)
(4.14)
(4.15)
/=!
where {x„ }T = [x t x, x4  x5 x 6 x7 ^ ] , {yn }T = [y 1 y2 y 3 y4 y 5 y 6 y7 y s] andT  _
{cn} = [c j c2 c 3 c 4 c5 c 6 Cy c8 ]. The quantities X; and y; are the global nodal
coordinates and c-, is the nodal value. Therefore, the derivatives of the physical variable 
c are given by
6 c
8 c
8 y
8  N
8 x
8  N
* 6 Nt
(c»f = E t t c-«=l 8 x
* 8 A^
{ c } = y '  — -c
t=i oy
(4.16)
(4.17)
Since the functions N; values are expressed in terms of local coordinates 5 and q, 
the following mathematical expressions resulting from differentiation o f these functions 
by the chain rule are used in order to find the derivatives o f the physical variable c:
8 ^  _ W , 5 x ^ SAT gy 
8 ^ 8 x 8 5  + 8 ^  8 5
W  +
8 q 8 x 8 q 8 j/ 8 q
(4.18)
(4.19)
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ffi 'fix by 8 8
85 85 85 fix: fix
► — < * = M ’ ►
fi fix 6 y_ 6 _ fi
6 q firi Py py
(4.20)
where the matrix [J] is often called the Jacobian matrix. The derivatives to x and y 
derived from equation 4.20 are
b [ 6  1 by _ Py b
fix
• = M '1*
85 1► - 8 t)
85 85< < >
6 § fix fix 6
P.y Pr1. fin ^ J 8n.
(4.21)
where the determinant |J| is referred to as the Jacobian,
ly l = J T - J T W - £ £OS otj br\ os i=i
(  5 A T  8 Nj 6 N( 8  AT
(4.22)
, 6S 6q 8ti 6S 
Now, consider an element k in the whole domain. From equation 4.10, the first 
variation of the integral equation for the element k is
5
■ L 
■ L
s jt| k  0C k  (3c r ,r  k  k  k  n  k  ^5c *1 -  v„—— - v„—:— - K  c K + y - R  -----
dy at
dxdy
*i v fix J x fix
ds
D, k bc
8 y
dxdy (4.23)
j^8c *[(v^ +vkyny)ck ~q k
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Since isoparametric elements are use, implying interpolation functions, we have
C* = w f / }
8c‘ = [JV] {5c„*} = ^c;}r M r
■ I f ] ! ’ ') ■ K T
6 x 
8 c *
5x
by 
5c *
I )
b c k '
>
bN
by
- [ f  ]K1  • k*F 
K } - k*Fb Nby
bN
bx
bN
by
Substituting equations 4.24-4.29 into 4.23, yields
bN
bx
bN
bx
bN
by
bN
+ v ^ r bN
by
dxdy I f*}  
d x d y ^ * }
v* ■ KF | [ - 1
|  [(v‘ »JAQr ^ ]  + v > J,[A'f[A']){c„‘ } -  [Af q ] d s
M
(4.24)
(4.25)
(4.26)
(4.27)
(4.28)
(4.29)
dxdy
(4.30)
The above equation is time-dependent. The time derivative must be evaluated. The time 
forward finite difference formula for the time derivative is used as,
5{c} = (c U r  ~ ( °) t 
bt At
(4.31)
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The simplified format o f the first variation of the integral equation for the element k is 
given as
6 / *  = {6 c„*}r  
+
A t
-  [SKFf -  \VL\k -  \AK\k + [IVE\k -
A t { cnk} , , A t
{C*}, ♦ { Q Q f  -  {F}*
where,
-Lb
-
bN T bN + Dyk bN
T bN
\
bx bx by. /
dxdy
b N
bx * vJlM r
b N
6y
dxdy
[YBf = f  (4 nx [N f[N ] * 
Jr*h
[AK\k = I K k[Nf[N] dxdy 
J q *
{Q O f = f  ■1t [N\r dxdy 
J q *
\E[k = I R k [N]T[N]dxcfy 
Jq*
[Fi = f  
**
Applying the transform 4.21, the above matrices are equal to
PKF] 1  =
T O 1 -
- I ' / H f ]
■IT'I
bN + D„ bN
i W f * vky m T
6 t1 .
bN
bN
j/
6 q
br\ 
\J\dZdt)
\J\dtdv\
(4.32)
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(QQ}‘ -  J  J
i :  i :  R k v r f m \ j \ d t d r \
The area integrals given above can be evaluated numerically by the Gauss 
quadrature method. The Gauss quadrature numerical integration method can be described 
as follows. For a generic function, an integral o f the function over a domain D can be 
approximated by computing the weighted sum of values o f the function at some chosen 
points in the domain. For a 2-D function, the Gauss quadrature can be mathematically 
described as,
Int. = [ '  |  = E E » ' , W l J) (4.33)
J - 1 J-l i J
where W; and Wj are the weight factors for the selected sampling points and r|j. In this 
project, nine sampling points are selected for ^  and t|j, ±0.7745966692 and 0.0. Weight 
factors for these points are 0.5555555556 and 0.8888888889, respectively (Reddy, 1993).
Adding each of the first variation of the integral equations of all elements together 
by using the connectivity of each element, the global first variation of the integral 
equation can be given as,
6 / *  = {8 c /} r
17
-  [SKFf -  [V L f -  [AKf + [V E f -  S
A/ ) ( Cn }f*A/
(4.34)
+ f r { c " }f + { Q Q } g " {F)g
where g  means the term is the global.
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Applying the principle of minimum potential energy, the global first variation of 
the integral equation is equal to zero. Since the variation {8 c„8}T is arbitrary, this implies
-  [SK F f -  [VLf -  [A K f + [VBf - IE?
A/ K ‘ W ,
+ ^ r { c " x  + { Q Q } g ' {F)S  = 0
(4.35)
That is,
[SKFf + [VL?  + [A K f -  [VEf [Ef
=  M L
At
At
{ c n8 \  -  [ Q Q Y  ~ i f ) 8
{cn8} , ^
(4.36)
Equation 4.36 is the finite element equation of the partial differential equation o f mass 
transport. In the above finite element equation,
[SKF] 8 represents the diffusion term,
[VL] 8 represents the velocity term,
[AK] 8 represents the first order production term,
[VB] 8 represents the velocity term at the boundaries,
[E] 8 represents the retardation term,
{QQ} 8 represents the zero order production term, and
{F} 8 represents the flux term.
The finite element equation 4.36 can be finally reduced to
[ A] - { c }  = {b } (4.37)
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where [A] is the global stiffness matrix which is nonsymmetric due to the advection term, 
{c} is the column vector describing unknown physical variables at time (t+At), and {b} 
is the column vector developed from the initial and boundary conditions and zero order 
production rate.
4.3.3 LU Decomposition
There are numerous methods that can be used to solve the linear algebraic 
equations 4.37. Considering that the matrix A is nonsymmetric, the LU decomposition 
method is used here (Press et al., 1992). In this method, any nonsingular square matrix 
[A] can be decomposed into a product of two matrices, one is the upper triangular matrix 
[U] and the other is the low triangular matrix [L].
a l l a Y2 -
a 2 \ CL12 . . .
■ ■ . . . =
* . . .
a n l a n2 • •  a n n .
Ln  0  0
^ 2 1  ^ 2 2  ®
0
0
Ln2 LnJ ... Lnn
1 U 12 W13 - • U ln
0 1 U23 ■ ■ U2n
0 0 1 . . U2n
0 0 0
(4.38)
In a compact form, equation 4.38 can be written as
[A] = [L][C/]
The entries of the two triangular matrices can be computed by
L n -
j -1
**j
Ip I
0  i< j
(4.39)
(4.40)
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u,  =
/-i
a i j - ' L L i k u kJJt= 1
1
0
*< j
i = j
i> j
(4.41)
Once the matrix [A] is decomposed, the modified linear algebraic equation 4.37 can be 
expressed as,
[ L ] [ U] { c } =  {b} (4.42)
Defining
[ U ] { c } = { Z ) (4.43)
Equation 4.42 can be written as
[ L ] { Z } = { b } (4.44)
By solving equation 4.44 for {Z}, one can obtain the general solution expression as
i-i
-
k= I
A,
i = 1 , 2 , . .  . ,n (4.45)
When vector {Z} becomes a known vector from equation 4.45, the unknown vector {c} 
in equation 4.43 can then be solved as,
/ - 1
- i  * 1 ^  ^ n- i +1 j t  -k * 1 “^n -k » I
ifc=l_
U.
i = 1, 2 , . . . , « (4.46)
n -  i + \ , n - k  ♦ 1
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4.4 EK-SIM Program
The computer program EK-SIM (SIMulating ElectroKinetic soil processing), 
which was based on the program EK-REM (Alshawabkeh, 1994), was written using 
Fortran77 and processed on an IBM RS/6000 cluster running in the UNIX operating 
system. The major improvements incorporated into EK-SIM in comparison to EK-REM 
are the addition of the subroutine EJPOTEN to calculate electric potential distribution 
under a constant current situation; the addition of the subroutine CH EQUI to consider 
the chemical reaction equilibria for four anions and four cations; and the improved 
boundary condition calculation. Lists of the program and input sample files are given in 
Appendices A and B, respectively.
Figure 4.3 depicts the flow chart of EK-SIM program. The main program first 
opens files for input data and output calculated results. EK-SIM then reads the time step 
(DT), number of nodal points (NUMNP), number o f elements (NUMEL), number of 
species (NCONT), number o f total steps (NCYCLE), and number o f output times 
(NPUT). The time step (DT) used is generally in the range of 0.01 to 0.1 day. The 
number of nodal points (NUMNP) and the number of elements (NUMEL) are determined 
by the mesh used for the problem. The number of total steps (NCYCLE) is determined 
by the total time considered.
Figure 4.4 presents the flow chart for the INPUT subroutine which reads the 
coordinates of each node, parameters, initial conditions, and boundary conditions 
pertaining to the simulated system. At each node, INPUT requires the coordinates, the 
boundary condition codes, and the initial potentials and species concentrations in the pore
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CALL
INPUT
END
START
CALL
SOLVES
CALL 
E POTEN
CALL
ELSTIF
DO
NCYCLE
CALL
GENER
CALL
SOLVES
CALL
CH_EQUI
CALL
EPRO
CALL
PROP
CALL
GENER
DO
NCONT
CALL
ELSTIF
CALL
INITIALIZE
Calculate
Consolidation
Parameters
Figure 4.3: Flow Chart of EK-SIM Program
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START INPUT
READ 
I» X(T), Y(I), KN
I
READ INITIAL 
CONDITION PO(I, J)
I
READ
DIFFUSION COEFFICIENTS 
SPECIES VALENCES 
INITIAL PARAMETERS
I
READ
BOUNDARY CONDITIONS
RETURN
Figure 4.4: Flow Chart o f Subroutine INPUT
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fluid. Soil parameters such as the hydraulic conductivity, coefficient of electroosmotic 
permeability, tortuosity, porosity and total length o f the specimen are defined in INPUT. 
Diffusion coefficients and valences of the chemical species are also input in this 
subroutine. Finally, INPUT reads the boundary conditions for each element and specifies 
the concentration or flux of each species at these boundaries.
After completion o f  the INPUT subroutine, the INITIALIZE subroutine is called. 
It calculates the initial parameters for the species transport equations. Time forward 
calculations are then initiated. Calculations for the first time step start with solving the 
differential equations describing species transport. For every species, EK-SIM calls the 
subroutine ELSTIF, the subroutine GENER, and then the subroutine SOLVES to 
determine its concentration across the soil mass.
Subroutine ELSTIF calls the subroutine FORMBM, which calculates the shape 
functions, their first and second derivatives, and the Jacobian matrix for each element. 
ELSTIF uses these values to form the [SKF], [VL], [AK], [VB], [E], {QQ}, and {F} 
matrices. This operation is carried out for each species and at every element. ELSTIF 
first uses the initial distributions of the electric and hydraulic potentials (time=0 ) to 
determine the components of these stiffness matrices. Figure 4.5 shows the flow chart for 
ELSTIF.
Subroutine GENER uses the matrices evaluated in ELSTIF to generate the global 
stiffness matrix [A] needed to calculate the column vector {c} for each dependent variable 
at every time step. Subroutine SOLVES sends [A] and {b} to subroutine CHOLES, which 
uses the LU decomposition method to solve the linear algebraic equations.
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RETURN
END
START ELSTIF
END DO NUMEL
CALL FORMBM
DETERMINE BAND WIDTH
DO NUMEL
CALCULATE LOCAL STIFFNESS 
MATRICES AND FLUX VECTORS
Figure 4.5: Flow Chart of Subroutine ELSTIF
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Subroutine CH EQ U I is then called. This subroutine determines the 
concentrations o f the chemical species, when subjected to the chemical reactions 
described by a set o f algebraic equations.
EK-SIM then calls subroutine PROP, which calculates the electric conductivity 
and the first derivative of the concentration o f each species at every element to determine 
the parameters to be used for solving the charge transport equation. PROP uses the shape 
functions and their derivatives (evaluated in FORMBM) to determine the first derivative 
o f  species concentrations. EK-SIM calls the subroutine E_POTEN to determine the 
electrical potential, and the first and second derivatives of the electrical potential 
distributions across the soil specimen.
After finding the electrical potential distribution, the parameters needed in the fluid 
transport equation are calculated. The equation is then solved by calling subroutines 
ELSTIF, GENER, and SOLVES. Then, EK-SIM calls the subroutine EPRO to calculate 
the parameters to be used in each chemical species transport equation for the next time 
step. At this point, the results for this time step are saved in the output files. A next time 
step is then taken.
Table 4.1 gives summary of all subroutines used in EK-SIM program.
4.5 Verification of the Numerical Code
It is essential to verify that the mathematical formalism and the computer code are 
correct, so that the developed model can be used for predictive purposes. Generally, two 
methods can be used for verification purposes. One is the comparison o f the 
modelpredictions with analytical solutions. The other is the comparison of the model
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Table 4.1: Summary of Subroutines in EK-SIM Program.
Subroutine Function Note
INPUT Read input data file Same as in EK-REM
INITIALIZE Calculate intial parameters
FORMBM Form local element matrix Modified in boundary 
condition calculation
ELSTIF Calculate element matrix Same as in EK-REM
GENER Generate global matrix Same as in EK-REM
SOLVES Form linear algebraic 
equations
Same as in EK-REM
CHOLES Solve linear algebraic 
equations
Same as in EK-REM
PROP Calculate parameters for 
charge transport
Modified in calculation 
of conductivity
EPRO Calculate parameters for 
species transport
Same as in EK-REM
EPO TEN Determine electric potential 
distribution
CH EQ U I Calculate for chemical 
reaction equilibria
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predictions with experimental data. Each method is limited in some way. Analytical 
solutions can offer accurate results, but they are only available for special conditions. 
Under complex conditions, analytical solutions may not be available. Since a lot o f  
factors affect the experimental results, we can only get approximate results from 
experiments. Furthermore, theoretical models always rely on simplifying assumptions. 
Therefore they cannot always model precisely actual behavior and/or the conditions o f 
experiments. So, often the experimental data only can be used to validate the theoretical 
model and the code.
In this chapter, results using analytical solutions for species transport at constant 
concentration boundary conditions and constant flux boundary conditions under one­
dimensional space are compared to model prediction results. The analytical solutions are 
for species transport due to hydraulic and chemical potentials, so only that part of the 
program EK-SIM, which calculates the species transport, are used and verified. The 
coupling effects of electric potential with hydraulic and chemical potentials and chemical 
reactions are not involved. In the next two chapters, the model predictions are compared 
to experimental data, where the coupling effects of electric potential with hydraulic and 
chemical potentials and chemical reactions are included
4.5.1 Comparison o f  Constant Boundary Condition Results
Mass transport o f nonreactive chemicals for the one-dimensional case, due to 
hydraulic and chemical potentials, is given by
r * t :
B2c Be    v — (4.47)
B x 2 d x
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= co, = 0  , c (x,0 ) = ct (4.48)
the analytical solution is (Cleary and Adrian 1973; Van Genuchten and Alves 1982),
A program, as given in Appendix C, was written to calculate the analytical results. 
For the following parameters, which are typical values for a barrier of a landfill 
(Mitchell, 1993),
Rj = 1, Dx = l.Ox 10-6  cm2/s, vx = 1.0* 10"7 cm/s, L = 100 cm,
C; = 100 mg/L, c0 = 0 mg/L
the numerical simulation results are shown in Figure 4.6. The comparison o f results 
between the numerical model and the analytical solution is shown in Figure 4.7. There
is excellent agreement between these two results. Moreover, Figure 4.7 shows better
agreement than former result as shown in Figure C.l in Alshawabkeh, 1994. The
c(x, 0  = ck +( c0-  ct) A ( x , t ) (4.49)
where
2 D 4 DRd L*R d
v x v2 1 PmD t
(4.50)
and where the eigenvalues Pm are the positive roots of the equation
Pm CO<Pm)+ T7 T = 0 (4.51)
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
C
ow
tfc
nV
t 
aW
ot
v
80
Figure 4.6: Predicted Concentration Profile for Dirichlet Boundary Condition with 
Rj = 1 , Dx = 1.0* 10"6 cm2/s, vx = 1.0* 10' 7 cm/s, L = 100 cm, 
c0 = 100 mg/L, and c; = 0  mg/L
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analytical solution is the sum o f infinite terms and so it is imperative to make sure that the 
result is convergent. In this calculation, one thousand items are calculated, so that the 
analytical result is convergent and accurate to a sufficient number of significant figures. 
In this numerical simulation, one hundred elements are used (forty elements were used in 
the former analysis). The more elements that are used, the more accurate the result 
calculated will be.
4.5.2 Comparison of Constant Flux Boundary Condition Results
For mass transport equation 4.47, the constant flux boundary condition and initial 
condition are described by,
-D  —  + v c 
dx tc=0
= v co, | - ( £ ,  0 = 0 , c(x, 0 ) = c,
O X
(4.52)
The analytical solution is (Van Genuchten and Alves 1982),
c(x, 0  = c, + (co-  c ) / l ( x ,  0
where
(4.53)
i - E
2 \ L  
D
B cos1 m
( P x)* m  
{ ~ )
i L
2D
sm Pm*
/
exp vx v2/
P i D t
2D  4 D R . L 2 R ,
m  =1
Pr / i ' i £  ,2  D t
v L
2 D
' vL  
, 2  D
and where the eigenvalues Pm are the positive roots of
(4.54)
P mD vL
P co ^P J -  + —  = 0
m ^  vL  4 D
(4.55)
A program, shown in Appendbc D, was written to calculate the analytical results.
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For the following parameters, which are typical values for a barrier o f a landfill, 
Rj = 1, Dx = l.OxlO-6  cm2/s, vx = l.0x l(T7 cm/s, L = 100 cm, 
c-, = 100 mg/L, c0 = 0 mg/L 
the numerical simulation results are shown in Figure 4.8. The comparison o f results 
between the numerical model and the analytical solution is shown in Figure 4.9. There 
is excellent agreement also between these two results.
4.6 Summary
In this chapter, the finite element method was introduced to solve the mass 
transport equation. The EK-SIM program is presented to simulate electrokinetic soil 
processing. The major port of the EK-SIM program, which calculates species transport, 
is verified by the analytical solutions of nonreactive chemical transport with Dirichlet and 
Neumann boundary conditions. The model predictions can give excellent agreement with 
the analytical solutions. However, the features of chemical reactions and coupling effects 
o f electrical, hydraulic, and chemical potentials included in the model have not been 
verified by analytical solutions due to the lack of appropriate analytical solutions. In the 
next two chapters, experiment data will be used to evaluate these features in the model.
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Figure 4.8: Predicted Concentration Profile for Neumann Boundary Condition with 
R j=  1, Dx= 1.0xl0'6 cm2/s, vx = 1.0* 10‘ 7 cm/s, L =  100 cm, 
c0 = 100 mg/L, and q =  0 mg/L
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CHAPTER 5
NUMERICAL MODELING ELECTROKINETIC 
INJECTION OF NUTRIENTS
5.1 Introduction
The injection o f ionic nutrients and cometabolites is intended to enhance 
bioremediation in those sites where natural attenuation needs supplements to achieve 
desired clean-up rates and levels. The results of a fully documented bench test of the 
electrokinetic injection of ammonium and sulfate ions into a sand bed are available (Rabbi, 
1997; Acar et al., 1997). These are very useful data to verify the developed mathematical 
model and code. So, in this chapter, numerical modeling of the electrokinetic injection o f 
ammonium and sulfate ions into a sand bed is conducted. The predicted electrical 
potential, ammonium ion and sulfate ion profiles are compared with the bench test results 
(Rabbi, 1997). A fundamental understanding of the electrokinetic injection o f ammonium 
and sulfate ions into sand from the numerical simulation is achieved.
5.2 Brief Description of Experiment
The purpose of the electrokinetic injection of ammonium and sulfate ions into soils 
is to enhance soil bioremediation. This test was designed to investigate the efficiency o f 
electrokinetic injection of a cation (ammonium) at the anode and an anion (sulfate) at the 
cathode into a fine-grained sand bed. A short description o f the experiment is given below.
8 6
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Further details o f the experiment and results are available in the published literature 
(Rabbi, 1997).
The technology [Marks et al., U.S. Patent No. 5,458,747 (1995)] used in the 
electrokinetic injection of ionic species into porous media is conditioning the pH values 
of the electrolytes in the electrode compartments to equal 7, where co-ions (the hydroxide 
ion in the ammonium hydroxide used at the anode and the hydronium ion in the sulfuric 
acid used at the cathode) neutralize the products o f the electrode reactions and maintain the 
pH values in the anolyte and catholyte between 6.5 and 7.4. This conditioning scheme 
prevents formation and introduction of species formed by the electrode reactions 
(hydronium and hydroxyl ions) and avoids an unnecessary increase in the electrical 
conductivity in the electrode compartments.
Figure 5.1 shows the diagram of the test setup used for the injection of ammonium 
and sulfate ions into a sand bed. The flume was constructed of 5 mm thick acrylic. The 
inside width of the flume was 5.1 cm. The clear soil length between the electrode 
chambers was 80 cm and the depth was 70 cm. The distance between the electrodes was 
110 cm. The quantity o f fluid in the electrode chambers was about 5.6 L each. The 
physical dimensions of the flume allowed placement o f about 31.4 L of soil in the flume. 
The specimen chamber was separated from the electrode chamber by a nonwoven 
geotextile supported by a geogrid. As depicted in Figure 5.1, each electrode chamber was 
connected to a bubble (Mariotte bottle) and an electrolyte conditioning system. Each 
electrode chamber was further connected to a fluid circulation system, where the fluids 
within the chamber were recycled through the conditioning reservoir by two separate
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pumpheads connected to the same peristaltic pump driver. The pore fluid chemistries in 
the anolyte and the catholyte were separately controlled in these conditioning reservoirs. 
Two other pumps with pH controllers were connected to the two conditioning reservoirs. 
These pH controllers allowed setting the pH levels at prefixed values. The pumps 
intermittently injected conditioning liquids from separate containers into the conditioning 
reservoirs to maintain the target pH value of the solutions.
A fine-sand bed was used in the experiment. This sand was poorly graded with a 
D 10 size o f 0.15 mm, and the sand was classified as SP in the Unified Soil Classification 
System (USCS).
Two methods may be used to apply low-level, direct-current electric power. One 
is maintaining a constant electric potential difference across the electrodes. The other is 
maintaining a constant current. In this test, a constant current with a density of 15 pA/cm2 
was applied.
The pH pump controllers were set to a value of 7.0. The pumps intermittently 
injected ammonium hydroxide (NH4OH) at the anode compartment and sulfuric acid 
(H2S04) at the cathode compartment, to adjust the pHs in the conditioning reservoirs. The 
H 30 + ions generated as a result of the anode electrolysis reaction were neutralized by the 
hydroxyl ions in the ammonium hydroxide solution. Similarly, the OH" ions generated as 
a result o f the cathode electrolysis reaction were neutralized by the hydronium ions in the 
sulfuric acid. As a result, ammonium and sulfate ions (target species for injection) were 
transported from the anode toward the cathode and from the cathode toward the anode, 
respectively. The experiment was continued until steady state conditions were achieved
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in transport. Once steady state conditions were established, further processing was 
terminated.
5.3 Numerical Modeling Injection of Nutrients
The experiment was set for a one-dimensional situation. Therefore, a one­
dimensional geometry was applied in the modeling. Eight nodal, isoparametric, 
quadrilateral elements were used in domain discretization. The sand bed was discretized 
into 100 elements. This resulted in a total of 503 nodes. The mesh used in the finite 
element analysis is shown in Figure 5.2. The program EK-SIM was used to simulate this 
problem.
The pH values in the sand bed were found to fall in the range of 6.5 to 7.4 after 
processing. The pH was relatively stable and neutral. The pH value is a master variable 
for aquatic chemical reactions. Under these conditions, it is reasonable to ignore all aquatic 
chemical reactions which may arise in the sand bed. Furthermore, the concentrations of 
hydrogen and hydroxyl ions were very low. Thus, their contributions to the electric 
conductivity have not been considered and because of the very low concentrations, it was 
not necessary to consider the mass transport of hydrogen and hydroxyl ions in the system.
Five species (Na+, Ca2+, NH4+, Cl~, and S 042~) were included in this numerical 
modeling. NH4+ and S042- were the target species. Na+, Ca2+,and Cl" were the major 
species initially present in the sand bed. The initial concentrations o f  these five species are 
listed in Table 5.1. Their diffusion coefficients in dilute solution are given in Table 5.2 
(Lide, 1996). Other input parameters used are given in Table 5.3 (Rabbi, 1997).
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
91
ao
00
00
1 ► O'
NOv
o\
00ov
00
00
N
oo
00
en
o\
oo (
X)
E3zu*oo
Z
•oc
03
Ui
0)
JO
E3z
c
E-Smja
t/i
CV
EJD
ttJ
*E
E
c i*r»
o>ba3
00
*£
uTD+  O
I
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
(T
ot
al
 1
00 
El
em
en
ts 
and
 
50
3 
N
od
es
)
Table 5.1: Initial Concentrations Used in the Modeling.
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Species Concentration (moI/L)
Na+ 5.70x10^
Ca2+ 1.82x10-*
N IV 1.00* io-u
cr 7.00x10“*
S042' 5.20xlQ-s
Table 5.2: Diffusion Coefficients in Dilute Solution Used in the Modeling.
Species Diffusion Coefficient (cm2/d)
Na" 1.15
Ca2+ 0 . 6 8
n h 4+ 1.69
cr 1.76
S042- 0.95
Table 5.3: Additional Input Parameters Used in the Modeling.
Parameter Value
Current Density Jc 1.5xl0~s A/cm2
Sand Bed Length L 80 cm
Porosity n 0.39
Tortuosity X 0.305
Electroosmotic Coef. K 1.6 cm2V_l d_l
Hydraulic Conductivity K 69 cm/d
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
93
It is assumed that the electrochemical reactions included in the model only involve 
the oxidation and reduction o f water as shown below
2H£) -4e~ -* 0 2 1 +4H r {Anode) (5.1)
2H20  +2 e~ -» H21 +20H~ {Cathode) (5.2)
Then, all of the electric current is consumed for the 100% expected generation o f I f  at the 
anode and OH ' at the cathode. In the bench test o f the electrokinetic injection of 
ammonium and sulfate ions into a sand bed, the produced acid in the anode compartment 
was neutralized by injecting the ammonium hydroxide solution and the generated base in 
the cathode compartment was neutralized by injecting the sulfate acid. So, the rates o f the 
injecting ammonium ion and sulfate ion into the system are
Rm ; = I / F  (5.3)
R so?- = 1 /2F  (5.4)
where I is the total current. F is Faraday’s constant.
The volumes of the anode and the cathode compartments are assumed to be
constant. From Eq. 3.28, the boundary conditions of species transport at the anode side can
be expressed as
{<=, V(~A)1
v a  t  a -.t n  a
+ + R > A/
-h)\dS
(5.5)
where {cj*},+41 is the concentration of the ith species at the anode compartment at the time
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of t+At and {cj*}‘ is the concentration of the ith species at the anode compartment at the
time o f t. For the ammonium ion, Rj* is I/F (mol). For other species, they are equal to zero.
From Eq. 3.29, the boundary conditions o f species transport at the cathode side can 
be expressed as
where (qc}l+At is the concentration o f the ith species at the anode compartment at the time
time o f t. For the sulfate ion, is I/2F (mol). For other species, they are equal to zero.
species concentration, electric potential and hydraulic potential at the beginning o f each 
time step. Therefore, for each time step, the {c*},+a‘ and {Cjc } t+At can be calculated and will 
be used as constant boundary conditions to find species concentration distribution at time 
t+At. The {Cj*}t+At and {cic},+<lt will change with each time step. So, the time-dependent 
boundary conditions are developed.
The calculated ammonium and sulfate ion distributions are shown in Figures 5.3 
and 5.4, respectively. Since a poor match with the experimental data was found using 
100% efficiency faradaic reactions, this was reduced to 50%. The causes for this loss in 
electrolysis efficiencies might be the presence of oxidizable organic contaminants, 
dissolved 0 2 or reducible metal ions, etc. The simulated distribution o f the electric
(5.6)
of t+At and {c-,0}* is the concentration of the ith species at the anode compartment at the
In equations 5.5 and 5.6, the fluxes can be determined by known distributions of
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conductivity is shown in Figure 5.5 and the calculated distribution of the electric potential 
is shown in Figure 5.6. Figure 5.8 presents a comparison between the predicted and 
experimental results o f the electric potential at five points in the sand bed. Figures 5.9 and 
5.10 present the comparisons between predicted and experimental results of ammonium 
and sulfate ion concentrations at 2, 5, 10, and 20 days.
5.4 Results and Analysis
Figures 5.3 ~ 5.6 give the theoretically predicted distributions of electric potential, 
electric conductivity, and ammonium and sulfate ion concentrations. Figure 5.3 shows 
clearly that the ammonium ions were injected into the sand bed at an increasing rate as the 
N IV  ion concentration of the anolyte increased. Ammonium ions moved from the anode 
toward the cathode. As time developed, the concentration of the ammonium ions in the 
sand bed increased. After 20 days, the ammonium ions were at saturation and uniformly 
distributed in the sand bed with a concentration range 1.6 to 1.4 m-mol/L. Figure 5.4 
shows that sulfate ions were injected into the sand bed. Sulfate ions moved from the 
cathode toward the anode. After 20 days, the sulfate ion concentration was constant across 
the sand bed but the distribution of sulfate ions was uneven compared to that of ammonium 
ions. At 20 days, the concentration range for the sulfate ions was 1.04 to 0.457 m-mol/L. 
The reason is that electroosmosis produced water movement from anode to cathode, which 
opposed the upstream transport of the sulfate ions.
The distributions of electric conductivity and electric potential shown in Figures
5.5 and 5.6 indirectly illustrate that ammonium and sulfate ions were injected into the sand 
bed.
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Figure 5.3: Predicted Ammonium Ion Concentration Distribution Across Sand Bed For
Bench Test (BEK-01) Under Current Density o f 15 (iA/cm2
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Figure 5.4: Predicted Sulfate Ion Concentration Distribution Across Sand Bed For
Bench Test (BEK-01) Under Current Density o f 15fxA/cm2
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Figure 5.5: Predicted Electric Conductivity Distribution Across Sand Bed 
For Bench Test (BEK-01) Under Current Density of lS^A/cm2
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Figure 5.6: Predicted Electric Potential Distribution Across Sand Bed For 
Bench Test (BEK-01) Under Current Density of 15 |i A/cm2
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Figure 5.5 shows the theoretical distribution of electric conductivity in the sand bed. 
The initial electric conductivity was calculated to be 0.0133 mS/cm. As time increased, 
the electric conductivity increased. Electric conductivity increased from each electrode 
compartment at the beginning. After 20 days, it reached a stable condition across the bed. 
The increase of electric conductivity corresponds to the increase in the concentrations of 
the ammonium and sulfate ions very well. Figure 5.6 shows the distribution o f electric 
potential in the sand bed. As the ammonium and sulfate ions moved into the sand bed, 
electric conductivity increased. Therefore, the electric potential decreased. The total 
electric potential difference across the specimen decreased from about 90 to 30 V under 
a constant current density of 15 pA/cm2. After 20 days, it reached an constant value.
The majority of species transport is due to electromigration under the electrical 
potential gradient. When the ammonium and sulfate ions were introduced into the sand 
bed, the electrical potential gradient decreased. Figure 5.7 shows the calculated electrical 
potential gradient distribution, which decreased with increasing time. Figure 5.3 and 5.4 
illustrate that the concentrations of the ammonium and sulfate ions increased slowly. 
Conversely, during the same time period, the electrical potential gradient decreased. The 
increase o f the ionic strength conversely decreased the electric potential and transport 
velocity o f species, thus illustrating the coupled effect of charge transport with species 
transport.
Figures 5.8, 5.9 and 5.10 give comparisons between the predicted and experimental 
results for the distributions of electrical potential and concentrations of ammonium and 
sulfate ions, separately. These figures demonstrate that the agreements between model
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Bench Test (BEK-01) Under Current Density of 15|iA/cm2
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predictions and bench test results are reasonably good at longer times. Whereas the 
predicted and experimental values may differ in the earlier stage o f  injection, they show 
similar trends and tend to correlate better at longer time. However, the theoretical electric 
potential was generally greater than the experimental data at all times. This is likely due 
to the fact that the model does not consider the electric conductivity due to the particle 
surfaces but assumes that the current is transmitted by charged species in the bulk fluid 
only and ignores the higher double layer concentrations o f ionic components. Comparing 
figures 5.9 and 5.10, it can be seen that the predicted ammonium ion is transported faster 
in theory than the experiment results. Because the ammonium ion is a positive charged 
species and the sulfate ion is a negative charged species, the ammonium ion will be 
adsorbed by the soil particles. This adsorption is not included in this simulation and would 
also increase the rate of ammonium ion into the soil.
5.5 Summary
In this chapter, the numerical model and program EK-SIM were used to simulate 
the electrokinetic injection of ammonium and sulfate ions into a sand bed. The model 
predicted electric potentials and ammonium and sulfate ion concentration profiles that were 
in reasonably good agreement with the bench test results. It appears evident that the model 
can reasonably predict the coupled effects of charge transport and species transport.
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CHAPTER 6
NUMERICAL MODELING ELECTROKINETIC 
EXTRACTION OF LEAD
6.1 Introduction
Electrokinetic soil processing is an innovative technology for extracting 
contaminants from soils. In particular, it may be used to extract heavy metals and 
radionuclides as well as enhance bioremediation processes from soils. Laboratory studies 
and limited field trials have demonstrated that heavy metals may precipitate in soils instead 
of being removed from soils under electrokinetic remediation (Acar et al., 1991; Jacobs et 
al., 1994; Acar and Alshawabweh, 1996). Chemical reactions in the unenhanced 
electrokinetic remediation process (i.e., no cathodic depolarization by FT ions) have a 
major effect on the transport of many species with insoluble hydroxides. Alshawabweh 
conducted pilot-scale tests o f electrokinetic extraction of lead from kaoiinite and simulated 
the process. However, the simulated results did not show clearly the precipitate of lead in 
the soil. Thus, in order to better understand the processes that contribute to the precipitate 
and extraction of heavy metals, the numerical modeling o f a pilot-scale test of extracting 
lead from kaoiinite is refined by: (1) More species are considered in the modeling; (2) Full 
chemical reactions pertaining to sorption, precipitation/dissolution, aqueous phase, water- 
ionization, and electrolysis are included in the model; (3) Boundary condition calculations
106
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are improved. The simulated results will model how chemical reactions affect the multi­
species transport.
6.2 Brief Description of Experiment
The objective of the pilot-scale studies (by Dr. Alshawabkeh) were to investigate 
the feasibility and efficiency of heavy metals extraction from fine-grained deposits under 
electrical fields at dimensions more representative o f those envisaged for field-scale 
implementation of the technique and to establish and formalize the species transport 
mechanisms in soils under electric fields. A short description of the experiment is given 
below. Further details of the experiment and results are available in the literature 
(Alshawabkeh, 1994; Acar and Alshawabkeh, 1996).
To capture the interaction between the electrochemistry and mechanics, electrolyte 
conditioning techniques that suppress formation of the high-pH zone and prevent 
precipitation of species close to the cathode compartment were not used in the pilot-scale 
tests. Figure 6.1 shows the schematic plan view of pilot-scale test setup. The container 
was made of plywood. Inner dimensions of the container were chosen to be 9 1.4 cm in 
height, and 182.9 cm in length. An electrode spacing of about 70 cm was selected. The 
inner side of the container was sealed with a silicon sealant paint and then it was wax 
painted. An 80-mil high density polyethylene (HDPE) liner box was manufactured to fit 
in the box to prevent any leakage. A bentonite-geomembrane composite liner was also 
glued on the sides of the Gundle liner box along the specimen to prevent side leakage.
Carbon electrodes, 6.35 cm in diameter and 76.2 cm in length, were used both at 
the anode and at the cathode. Each anode and cathode series consisted o f a row of five
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equally spaced graphite rods at a center-to-center spacing of 18.3 cm. A power supply that 
provides 0-600 V DC and 0-1.7 A current was used. The constant current mode was 
selected for the experiments to sustain a constant rate o f production o f electrolysis products 
at the electrodes. A constant direct current density o f 133 pA/cm2 was applied based on 
the soil geometrical cross-sectional area. Tungsten wires were used as voltage probes to 
measure the electric potential distribution across the soil, and thermocouples were used to 
measure temperature. Tensiometers were inserted in the soil mass to measure suction 
across the electrodes. Pressure transducers measured the suction developed in tensiometer 
cups embedded at a depth o f 35 cm at the locations depicted in Figure 6.1. pH 
measurements were conducted with a pH meter. Since the pH meter uses an in situ glass 
and reference electrode, it is not possible to measure pH with these electrodes inside an 
electric field. The pore fluid in each compartment had to be continuously cycled through 
an outside container to take pH readings. The water levels in these containers were kept 
identical to that in the electrode compartments.
Air-floated Georgia kaoiinite from Thiele Kaolin Co., Athens, Ga., was used in the 
pilot-scale tests. Tap water was used in the anode and cathode compartments. 
Commercially available lead nitrate was used to spike this clay with lead ions since the 
nitrate salt of this heavy metal is highly soluble in water.
The pilot-scale test container held two identical cells (Cell A and Cell B), separated 
in the middle by the anode compartment. Three rows of electrodes were placed in the 
trenches in the soil, as shown in Figure 6.1. An acrylic frame was placed in each trench
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to hold the electrodes in place. Each row of electrodes consisted o f five graphite rods. The 
trenches were then filled with tap water up to a level 4 cm below the clay surface level.
Three pilot-scale tests were conducted with kaolinite spiked at different initial 
concentrations of lead. The first and second pilot-scale tests (PST1 and PST2) were 
conducted using kaolinite spiked with lead at concentrations o f  856 mg/kg and 1533 mg/kg 
below and slightly above the lead exchange capacity of this soil, respectively. In PST3, 
it was decided to decrease the compressibility o f the kaolinite by mixing it with sand. A 
1:1 kaolinite/sand mixture was used. The mixture was then spiked with lead at a 
concentration of 5322 mg/kg using the lead nitrate solution. The results from PST3 were 
used to evaluate the progress of lead extraction in time across the soil and to compare the 
experimental results with the model prediction results.
6.3 Numerical Modeling Extraction of Lead
The results chosen for simulation are those from pilot-scale test PST3 
(Alshawabkeh, 1994). The experiment was assumed to approximate a one-dimensional 
situation. Therefore, one-dimensional geometry was applied in the modeling. Eight nodal 
isoparametric, quadrilateral elements were used in domain discretization. The specimen 
was discretized into 100 elements which yielded a total of 503 nodes. The mesh used in 
the finite element analysis is shown in Figure 6.2.
Since enhancement methods such as cathode depolarization or cathoiyte 
neutralization techniques were not used in the pilot-scale tests, the acid produced in the 
anode compartment will advance toward the cathode and the base produced in cathode
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compartment will move toward the anode. Then, there are typically broad differences in 
pH along the profile from one electrode to the next. Several different species may be 
present in an aqueous solution o f lead. In order to fully consider the aquatic chemical 
reactions related to lead, Pb2+, Pb(OH)+, PbCOH^0, and Pb(OH)3" are included in the model. 
In addition, the model includes the ion species Na+, H \ OH" and N 0 3". The sodium ion is 
included in the model because its initial concentration was high and it has a large effect on 
electrical conductivity and transference numbers of the species o f concern. Therefore, in 
total, eight species composing FT, N a\ Pb2+, Pb(OH)+, Pb(OH)2°, Pb(OH)3", OH" and N 03" 
are included in the model for species transport.
6.3.1 Chemical Reactions
Electrochemical reactions, sorption and aquatic chemical reactions are included in 
the model. Instantaneous chemical equilibrium conditions are assumed.
A. Electrochemical Reactions:
It is assumed that the electrochemical reactions included in the model only involve 
the oxidation and reduction of water as shown below
I H p - A e ~  —» 0 2! +4H *  (.Anode) (6.1)
2H20  +2^" —* H21 +2OH~ (Cathode) (6.2)
Then, all of the electric current is consumed for the 100% expected generation of H+ at the 
anode and OH" at the cathode. The assumption for the cathode reaction is reasonable since 
most of the Pb2+ ion in the cathode region will be precipitated and immobile.
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B. Aquatic Chemical Reactions:
The aquatic chemical reactions for modeling extraction o f lead are listed below
C. Adsorption Reaction:
Adsorption o f lead is very a complex process. Laboratory tests of lead adsorption 
were not available for the pilot-scale test of extracting lead from kaolinite. The following 
simplified equations described by Alshawabkeh and Acar (1996) are used in the model, 
below,
where SPb is concentration of adsorbed lead (mg/kg), and C,*' is the maximum 
concentration o f adsorbed lead (mg/kg). Cn l is determined by measuring the cation 
exchange capacity (CEC) of the soil. It is expressed as,
P b 2'  + H p  - H *  « PbOH * log Kx = -7.710
P b z '  + 2 H p - 2 H '  « Pb(OH% log = -17.120
P b 2'  + 3 H p - 3 H *  » PUOWh *og* 3  = "28.060 (6.5)
(6.4)
(6.3)
Pb 2* +H20 -  2H '  -  PbOw lo g ^ 4 = -12.7 (6.6)
H f i  - H *  -  OH~ log K5 = -14.000 (6.7)
0.27 x (pH  -  1) x Cpb 1.0 <pH<4.7
0 pH  <10 (6 .8)
pH  >4.7
Cpb = 0.5* CECX 207.2x 10 (6.9)
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where 207.2 the molecular weight of Pb. If  the total concentration of lead in the soil is less 
than Cp,,*, Cpb* will be substituted by that concentration.
6.3.2 Model Parameters
As noted earlier, eight species are included in the model. Their initial 
concentrations are listed in Table 6.1. Their diffusion coefficients in dilute solutions are 
given in Table 6.2. Other model input parameters are given in Table 6.3. The value of the 
coefficient of volume compressibility was measured experimentally using one-dimensional 
consolidation tests. The hydraulic conductivity values were measured using specimens 
removed from the pilot-scale tests. A flexible-wall, flow-pump permeameter test was used. 
The tortuosity factor was measured using a “nonreactive” tracer of chloride ion in a 
flexible-wall, flow-pump permeameter (Alshawabkeh, 1994).
6.4 Results and Analysis
For the pilot-scale test PST3, the soil pH, concentrations of the different species of 
lead, the total lead, the pore water pressure, the electrical potential and the electrical 
conductivity are calculated by the developed model with program EK-SIM. All results are 
shown in Figures 6.3-6.20.
6.4.1 Soil pH
The predicted soil pH distribution is presented in Figure 6.3. The figure shows that 
the pH value dropped to about 1.52 at the anode region as acid produced in the anode 
compartment moved towards the cathode and the pH value increased to about 7.12 at the 
cathode region as base produced in the cathode compartment moved towards the anode. 
As time developed, the acid front advanced across the specimen. However, the pH
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Table 6.1: Initial Concentrations Used in the Modeling.
Species Concentration (moI/L)
IT 1.0^10^
Pb2+ 85.2 x 10'3
OH" l.ox io -10
P b o ir 1.30x10-*
Pb(0H)2° 5.1X10"11
Pb(OH)3" 5.8x10-**
Na" 6.27 xlO-2
n o 3- 20.0x10~2
Table 6.2: Diffusion Coefficients in Dilute Solution Used in the Modeling.
Species Diffusion Coefficient (cm2/d)
IT 8.05
Pb2+ 0.817
OH" 4.57
P b o ir 1.20
Pb(OH)2° 1.80
Pb(OH)3- 2.40
Na" 1.15
n o 3- 1.64
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Table 6.3: Additional Input Parameters Used in the Modeling.
Parameter Value
Current Density h 133x10-* A/cm2
Soil Specimen Length L 70 cm
Porosity n 0.56
Tortuosity V 0.357
Electroosmotic Coef. K 8.64x 10-2 cm2V '1 d '1
Hydraulic Conductivity K 5.87xl0-3 cm/d
Volume Compressibility Coef. mvYw lx l0 -s /cm
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Figure 6.3: Predicted Soil pH Distribution Across the Soil Specimen in PST3
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distribution in the last 8 cm soil close to the cathode was relatively stable. For the pilot- 
scale test PST3, the spiked lead concentration was very high (0.0825 M or 5322 mg/kg), 
and the base generated at the cathode compartment was consumed by the precipitation 
reaction as it advanced into the soil.
Comparisons between the predicted and experimental pH distributions after 8, 15, 
and 22 days are shown in Figures 6.4, 6.5, and 6.6. The model predictions are in 
reasonable agreement with the experimental results. In general, the predicted acid front 
is in front o f that recorded in the experiment. The main reasons might be that soil buffer 
capacity was not included in the model, neither double layer effects.
6.4.2 Lead Transport
Lead may be present in soil three states: dissolved in the pore fluid, adsorbed by 
soil particles, and precipitated on particle surfaces. It is assumed that only dissolved lead 
can be transported. The dissolved lead species can be represent as Pb2+, Pb(OH)+, 
Pb(OH)2°, and Pb(OH)3', all of which are controlled by chemical equilibria. Figure 6.7 
depicts the adsorbed lead profile. Since both the acid front advances across the specimen 
toward the cathode and the lead in the pore fluid transports toward the cathode, the 
adsorbed lead is released into the pore fluid. However, the adsorbed lead in the last 8 cm 
close to cathode is increased to the maximum concentration of adsorbed lead. Because the 
initial pH value is 4.0 and the pH value in the cathode region is increased when the 
hydroxide ion moves into soil, more lead will be adsorbed. The range is limited in the last 
8 cm since the hydroxide ion moved into soil is restricted by the precipitation reaction.
Figure 6.8 illustrates the predicted dissolved Pb2+ distribution in PST3. It shows
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clearly that the dissolved Pb2+ is transported toward the cathode. There is a “wavy saddle” 
and the peak concentration exceeds the initial concentration. The initial lead concentration 
in the soil was quite high (0.0825 M, or 5322 mg/kg) and the initial pH value was 4.0. 
Therefore, most o f the lead was present initially as dissolved Pb2+ species. When the acid 
front advanced across the specimen, the adsorbed lead was released into the pore fluid. In 
that region, the dissolved Pb2+ concentration was increased suddenly. Then, the “wavy 
saddle” forms. In the last 8 cm close to cathode, the dissolved Pb2+ concentration is lower 
due to the precipitation reaction.
Figure 6.9 depicts the calculated dissolved Pb(OH)+ ion distribution in PST3. The 
dissolved Pb(OH)+ ion is only present in the last 8 cm close to the cathode. This is 
determined by the precipitation reaction and pH value in that region.
Figure 6.10 shows the dissolved Pb(OH)2° distribution in PST3. The dissolved 
Pb(OH)2° is only present in the area where the precipitate is produced and a plateau with 
the concentration of 3.80* 10_s M is formed.
Figure 6.11 depicts the dissolved Pb(OH)3" ion distribution in PST3. The dissolved 
Pb(OH)3” is only present in the region where the precipitate is generated and the 
concentration of Pb(OH)3” is determined by the corresponding pH value. Since the pH 
value in the cathode region is restricted by the precipitation reaction, the concentration of 
Pb(OH)3" is very low at this stage.
Figure 6.12 shows the precipitate PbO(S) distribution in PST3. The precipitate 
PbO(S) is produced in the last 2 cm close to the cathode. When the base generated in the 
cathode compartment moves into the soil, the pH value is increased and the precipitation
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reaction is generated. Since the dissolved lead concentration is high, the base moving into 
the soil will be consumed by the precipitation reaction. Therefore, the precipitate PbO(S) 
increases continuously in the last 2 cm region.
Figures 6.13 and 6.14 show the total lead distribution in PST3. These figures 
clearly show that lead moves from the anode toward the cathode and it precipitates in the 
last 2 cm close to the cathode.
Comparisons between the predicted and experimental total lead distributions after 
8, 15, and 22 days are shown in Figures 6.15 ~ 6.17. The agreement of the model 
predictions with the experimental data is satisfactory.
Figure 6.18 shows the differences of the refined model with the former model in 
the predicted total lead distribution after 22days in PST3. The refined model can 
successfully simulate the precipitate o f lead in the soil. Since the former only included the 
species o f Pb2+ and Pb(OH)2 which related to lead, the refined model included the species 
of Pb2+, Pb(OH)+, Pb(OH)2, Pb(OH)3" and PbO(J) which related to lead. Furthermore, the 
former model only considered one type of lead aquatic chemical reaction The refined 
model considered four types of lead aquatic chemical reactions.
6.4.3 Other Physical Quantities
Figure 6.19 depicts the electric potential distributions in PST3. Since the initial 
lead concentration is very high, the soil has a high initial electrical conductivity of 2.33 
mS/cm. Upon a constant current density of 133 pA/cm2, the initial total electrical potential 
difference is 4 V. As the base generated in the cathode compartment moves into the soil, 
a precipitate is produced and the base and the dissolved lead are consumed. In that zone,
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the electrical conductivity decreases and the electrical potential gradient increases. 
Therefore, the total electrical potential difference increases. After 30 days, the total 
calculated electrical potential difference had increased to 7 V. In the experiment, the actual 
electrical potential difference became 120 V. The precipitated lead salts may also clog the 
pores and reduce the ionic conductivity further.
Figure 6.20 presents the pore water pressure distribution in PST3. A constant 
coefficient of electroosmotic permeability (8.64* 10“2 cm2/V/d) is assumed in the modeling, 
the hydraulic head is kept zero at the electrodes, and the initial electric gradient is assumed 
to be uniform across the specimen. Since the soil has a high initial electrical conductivity, 
the electroosmotic permeability coefficient is relatively low. During the 30 days of 
processing, a very low pore water pressure is generated. Comparing Figure 6.18 with 
Figure 6.19, we observe that the maximum pore water pressure point corresponds to the 
point o f maximum curvature of the electrical potential curve.
Figure 6.21 illustrates the electric conductivity distribution with time in PST3. The 
initial electric conductivity is 2.33 mS/cm. The electric conductivity drops in the zone 
close to the cathode, since the dissolved lead ions are consumed by the base moving into 
the soil to generate the precipitate. The electric conductivity drops slightly in the region 
close to the anode, because the dissolved lead ions and other cations transport toward the 
cathode and the acid produced in the anode compartment moves into soil and cannot fully 
compensate the loss of electric conductivity. There is a “wavy saddle” and the peak 
electric conductivity exceeds the initial electric conductivity. The initial lead concentration 
in the soil was very high (0.0825 M or 5322 mg/kg) and the initial pH value was 4.0.
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Therefore, most of the lead was present as dissolved Pb2+ ion. When the acid front 
advanced across the soil, the adsorbed lead is released into the pore fluid. In that region, 
the dissolved Pb2+ concentration is increased suddenly and also the electric conductivity, 
forming the “wavy saddle”.
Figure 6.22 shows the comparison between predicted and test results of pore water 
pressure across the soil specimen at 50, 100, 200, 300,400, and 500 hours. It demonstrates 
that the predicted pore water pressure is in reasonable agreement with the measured results. 
However, there are some limitations in the model to predict pore water pressure. The 
model assumes that the coefficient of electroosmosis is constant along the whole soil 
specimen. It do not consider the nonuniform electric conductivity will cause an inconstant 
coefficient of electroosmosis. Pore water pressure is dependent on the second derivative 
of the electric potential. When the electric potential changes greatly, it is very difficult to 
derive with sufficient accuracy the second derivative o f the electric potential by using the 
finite element method.
6.5 Summary
In this chapter, a pilot-scale test of extracting lead from kaolinite has been 
simulated using the developed model with EK-SIM program. Chemical reactions 
pertaining to sorption, precipitation/dissolution, aqueous phase, water-ionization, and 
electrolysis are included in the model. The soil pH, concentrations o f the different species 
o f lead, the total lead, the pore water pressure, the electrical potential and the electrical 
conductivity are predicted by the developed model. The predicted soil pH and total lead 
distributions agree reasonably well with the experimental data. The predicted results show
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clearly that lead is transported toward the cathode and precipitated within the last 2 cm 
close to the cathode under an electric field applied across electrodes. However, the 
calculations of parameters based on other electrical variables are not consistent with the 
experimental data. This may be due to soil fabric changes (such as clogging o f the pore 
by precipitates) which are not included in the theoretical model. This shortcoming o f the 
model is less important for actual site use of electrokinetic soil processing since cathode 
depolarizers are used in practice to prevent metal hydroxides from clogging the soil at the 
cathode.
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CHAPTER 7 
SUMMARY AND CONCLUSIONS
7.1 Summary
Electrokinetic soil processing is a very complex process where multi-species are 
transported under heavily coupled electric, hydraulic and chemical potential gradients with 
electrochemical reactions, sorption/desorption, precipitation/dissolution and complexation 
reactions. It is also related to the configuration of the electrodes, the type o f soil mass 
geochemistry and the initial species present in the soil mass and their concentrations. 
Therefore, it is difficult to predict the response of electrokinetic remediation by previous 
experimental observations or practical experience, because laboratory experiments 
generally need to run several weeks minimum and it is difficult to include all o f the major 
factors which will affect contaminant transport through laboratory experiments. Numerical 
modeling provides a useful tool for both a better fundamental scientific understanding of 
electrokinetic soil processing and design/analysis of full-scale, insitu applications.
In this study, a generalized model for electrokinetic soil processing was developed. 
In the model, a set of partial differential equations were built based on the conservation of 
fluid, species, and charge. Chemical reactions pertaining to sorption, 
precipitation/dissolution, aqueous phase, water autoionization, and electrolysis were
143
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included in the model. The boundary conditions corresponding to the mass transport 
equations were described.
The finite element method was selected to solve mass transport equation. The EK- 
SIM program was written to simulate electrokinetic soil processing. The developed code 
for transport was verified by the analytical solutions o f nonreactive chemical transport with 
Dirichlet and Neumann boundary conditions. The model predictions perfectly agree with 
the analytical solutions. The model has been validated by a bench test of the electrokinetic 
injection o f ammonium and sulfate ions into a sand bed and a pilot-scale test o f the 
electrokinetic extraction of lead from kaolinite. The predictions o f numerical simulations 
agree well with the experimental data.
7.2 Conclusions
From the present study, the following conclusions can be derived:
1. The developed model with the EK-SIM code for the electrokinetic soil processing 
provides good agreement between experimental results and predictions o f a bench 
test o f the electrokinetic injection of ammonium and sulfate ions into a sand bed 
and a pilot-scale test of the electrokinetic extraction o f lead from kaolinite. It 
provides a useful tool for both a better fundamental scientific understanding of 
electrokinetic soil processing and design/analysis of full-scale, insitu applications.
2. Target species transport is related to the other initial species present in the soil and 
their concentrations.
3. The model predictions for the bench test of the electrokinetic injection of 
ammonium and sulfate ions into a sand bed shows ammonium and sulfate ions
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inject into the sand bed. The model can handle the coupled effects of charge 
transport and species transport. The concentrations o f ammonium and sulfate ions 
increased gradually.
4. The distribution o f sulfate ion is uneven since electroosmosis produced water 
movement from the anode to the cathode opposing its transport.
5. The predicted pH distribution in the pilot-scale test of the electrokinetic extraction 
of lead from kaolinite shows the pH value drops to about 1.52 at the anode region 
and increases to about 7.12 at the cathode region. The acid front advances across 
the specimen as time develops. The pH distribution in the last 8 cm o f soil close to 
the cathode is relatively invariant.
6. The predicted total lead distribution for the pilot-scale test of the electrokinetic 
extraction of lead from kaolinite demonstrates that lead moved from the anode 
toward the cathode and it precipitates in the last 2 cm close to the cathode.
7. The chemical reaction module in the model can successfully analyze the chemical 
reactions in electrokinetic soil processing.
8. Pore water pressure is produced due to a nonlinear electrical potential distribution. 
The maximum pore water pressure point corresponds to the point of the maximum 
curvature of the electrical potential curve.
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
146
7.3 Recommendations for Future Research
The recommendations for future research are:
1. Soil buffer capacity have significant effect on the change of soil pH. It is necessary 
to include the soil buffer capacity in the model.
2. Since the simulation sometimes tends to fail when confronted by extremely thin 
chemical reaction layers, the adaptive meshing technique is recommended for 
future studies to improve the calculations.
3. A specific amount of the applied electric energy will be consumed in the generation 
o f heat, which will generate thermal gradients. Future work in this area should 
account for the effects of the generated thermal gradient on the transport processes 
and on the performances and efficiencies o f electrokinetic soil processing.
4. Double layer effects should be incorporated into the model.
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C NUMNP — N o . OF NODAL POINTS
C NUMEL “  N o . OF ELEMENTS
C NUtMAT** N o . OF MATERIAL
C NCONT *  N o . OF CONTAMINANTS
C DT — TIME STEP
C N CY CLE- N o . OF TIME CYCLES
C
IM P L IC IT  REAL*8 (A -H ,0 -Z )
CCM4GN/BLOCK1/NUMNP,NUMEL,NIO*1AT,NEQ(10) ,IPLNAX,MBAND (1 0 ) ,
* MSS ,N P  ( 1 0 0 ,8 )  ,ID A T A ,N H E P (10) ,N D D , NCONT,NCYCLE 
C C M 40N /PET/D T ,E LT
CCM 40N/BLO CK 3/ID  ( 1 0 ,8 0 0 )  ,R (8 0 0 )  ,Z ( 8 0 0 )  ,P O ( 1 0 ,8 0 0 )  
C C * M 0N /B L O C K 4/yK (10 ,100 ) ,Y K (1 0 ,1 0 0 )  ,
* V E X ( 1 0 ,1 0 0 )  ,V E Y ( 1 0 ,1 0 0 )  ,R E T ( 1 0 ,1 0 0 )  ,A L F ( 1 0 ,1 0 0 )  ,A Q ( 1 0 ,1 0 0 )  
CCfcMON/BLOCK5/Al ( 1 0 ,1 0 0 0 0 )  ,A 2 (1 0  ,1 0 0 0 0 )
CGM40N/BLOCK7/ GRADX(1 0 0  , 8 ) , GRADY (1 0 0  ,8 )  ,
* GRADX2( 1 0 0 ,8 )  ,GRADY2( 1 0 0 ,8 )  ,P O E L E ( 1 0 0 ,  8 ) 
CCM 4UN/BLOCK8/SPCCN(8 0 0 )  ,SPCONXG(8 0 0 )  ,SPCONYG( 8 0 0 )  ,S P D I F ( 8 0 0 )  
CCfcM ON/BLOCK14/DIFF(1 0 )  ,S P C H (1 0 ) , RETARD (1 0 )  ,H YD C,ELEC,H YD 0 ,
* ELE0,CURRENT 
CGM40N/QUAD/CC (3 4 2 )  ,MTOT,NNN 
CGfcMON/PUT/NPUT ,NOUT (1 0 0 0 0 )
C C t* « 3 N /F L U X /lD B C (1 0 ,1 0 0 ,8 )  , I N P ( 1 0 0 ,8 )  ,F L U X X ( 1 0 ,1 0 0 ,8 )  ,
* FLUXY ( 1 0 ,1 0 0 ,8 )  ,IM A T {100)
CCfrMON/SOR/ADPB (8 0 0 )  ,P R E C (8 0 0 )
CGfcMON/ SLENGTB/SLENGTH
COMSON/OUT/EGR2 (8 0 0 )  ,P B T O T (800) ,C H E C K (800) ,P P O  ( 1 0 ,8 0 0 )  ,
* H F L O W (IO O ),T F L O W (100),P B T O T 1(800 ),C G N D U C (800) 
DIM ENSION X X (800 ) ,P O l ( 8 0 0 )  ,P O 2 (8 0 0 )  ,P 0 3  (8 0 0 )  ,P 0 4 ( 8 0 0 )  ,P 0 5  (8 0 0 )  
REAL*8  SUM, PRECD, ADPBD, AA1, A A 2, X L , X R , XM 
CHARACTER* 1 1  ENAME ,F0U T
C MTOT— TOTAL AMOUNT OF MEMORY ASSIGNED FOR DATA ENTRY.
MTOTslOOOO
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C OPEN OUTPUT F IL E S  FOR (RESULTS)
OPEN( 1  ,F H iE “ ' p h 2 . o u t ' , STATUS='NEW' )
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OPEN (2  ,F IL E —'p b 2  .  o u t  * ,  STATUS- 'NEW ' )
OPEN(1 0  ,F IL Z —' e h 2 .  o u t ' , STATUS— 'N E W ')
OPEN ( 1 1  , F H E = ' a n 2 . o u t '  ,  ST A T U S-'N E W ')
OPEN ( 1 2 ,  F I L E - 'p a r 2 .  o u t *  , STATUS—'N E W ')
OPEN (1 3  ,F X L E - ' p h c h e m 2 . o u t ' ,  STATUS— 'NEW' )
OPEN ( 1 4  ,FXLE—' f l o w 2  . o u t ' ,  STATUS— 'NEW ' )
OPEN(1 5  ,FX LE—' a n e r 2  . o u t ' , STATUS— 'NEW ' )
O P E N ( 6 ,F I L E - 'e ) c 2 .o u t*  , STATU S-'NEW ' )
OPEN( 1 6 , F IL E —' p h . o u t *  , STATUS-'NEW* )
OPEN( 1 7 , F I L E - ' c o n d . o u t '  , STATUS—'N E W ')
OPEN( 1 8 , F I L E - ' t o t . o u t '  , STA TU S-'N EW ' )
OPEN( 1 9 , F I L E - ' d i s . o u t '  , ST A T U S-'N E W ')
OPEN (2 0  ,F IL E —' a d s . o u t  • ,  STATUS- 'N E W ')
O P E N (2 1 ,F IL E —' p h o h . o u t '  , STATUS—'N E W ')
OPEN( 2 2 , F I L E - ' e h . o u t '  , ST A T U S-'N E W ')
OPEN (2 3  ,FXLE—' h h . o u t  * , STATUS- 'NEW *)
W RITE( 1 ,2 0 0 0 )
2 0 0 0  FORMAT (7 X , ' * * * *  pH  AND ELECTRIC COND. D IST R IPU T IO N  * * * * ' , / / , 5 X
* 'TIM E ( d a y )  • , 5 X , 'x / L ', 1 2 X ,* p H ', 5 X , 'C O N D  (m S/cm ) •)
W RITE( 2 ,2 1 0 0 )
2 1 0 0  FORM AT(7X, '* * * *  P b  D ISTRIBU TIO N  * * * * ' , / /  ,5 X , ' TIME (d a y )  ' ,2 X ,
* ' x / L '  ,2 X ,  ' P b - t o t  (m g /k g )  ' ,2 X , 'P b - d i s s  . (M) • ,2 X , 'P b - a d s  (m crA g) ' ,
* 2 X , ' P b  (OH) 2  ( n g A g )  ' )
WRITE ( 1 0 ,2 2 0 0 )
2 2 0 0  FORM AT(7X, '* * » *  ELEC TRIC  AND HYDRAULIC POTENTIALS * * * * ' , / / , 5 X ,
* 'TIM E ( d a y )  ■ ,5 X , ' x / L '  ,5 X ,  'E  (VOLT) • ,5 X ,  'U (JcP a) ' )
W RITE( 1 3 ,2 3 0 0 )
2 3 0 0  FORMAT (7 X , ' * * * *  N ITRATE D ISTRIBU TIO N  * * * *  ' , / / , 5 X ,  • TIME ( d a y ) ' ,
*  5 X , ' x / L ' ,5 X ,  'N 0 3 -  (M) ■ )
W RITE( 1 5 ,2 4 0 0 )
2 4 0 0  FORM AT(7X, *****  ENERGY CONSUMPTION *** * *  , / / , 5 X ,  'T IM E  (d a y )  ' ,5 X
* 'E -C O N S (JcWh/m3) • ,2 X ,  ' POWER(W/m3) ' ,2 X ,  • A PP COND ' )
W R ITE( 1 2 ,2 5 0 0 )
2 5 0 0  P0R M A T(7X , '* * * *  HYDRAULIC FLUX * * * * •  , / / , 5 X ,  'T IM E ( d a y )  ' , 5 x ,
* 'ELEM ENT' , 5 x ,  'FLOW RATE (m L /d a y /c z a 2 )  ' )
W R ITE( 1 4 ,2 6 0 0 )
2 6 0 0  FORMAT (7 X , ' *** *  HYDRAULIC IN  AND OUT FLOW * * * * ' , / / , 5 X ,
* 'TIM E ( d a y )  • , 5 x ,  'ANODE FLOW (L) ' , 5 x , ' CATHODE FLOW (L ) ' )
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *  
c
C DATA F IL E  NAME IS  S P E C IF IE D  AS "E K 2.D A T "
ENAME-' E K 2 . DAT'
OPEN (5  ,F IL E =E N A M E ,ST A T U S-'O L D ' )
READ ( 5 , * )  NUMNE,NUMEL,NCONT,NUb*4AT ,D T ,NCYCLE ,NPUT
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
W RITE( 6 ,1 0 9 0 )
1 0 9 0  FORMAT ( / / 5 X ,  '*  OUTPUT DATA OF F IL E  : EKREM.OUT ' , / 7 X ,  33  { ' * * ) / )  
WRITE ( 6  ,1 1 0 0 )  NUMNP,NUMEL,NCONT,NUM4AT ,DT,NCYCLE ,NPUT 
1 1 0 0  FORMAT( / / , 5 X , ' * NUMBER OF NODAL PO IN TS ......................... - '  , 1 5 ,
1  / , 5 X ,  ' *  NUMBER OF ELEMENTS ...................................* * ' , 1 5 ,
2  / , 5 X ,  ' *  NUMBER OF S P E C IE S  ..................................... “ ' , 1 5 ,
2  / , 5 X ,  ' * NUMBER OF M A T E R IA L S .................................* ' , 1 5 ,
3 / , 5 X , ' *  TIME INCREMENT ............................................... » ' , F 9 . 3 ,
4 /  ,5 X , ' * NUMBER OF CYCLES OF ITERA TIO N  . . - ' , 1 1 0 ,
5  / , 5 X ,  ' *  N O . OF PRINTED OUTPUT CYCLES . . . - ' , 1 1 0 )
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * A * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C CALL SUBROUTINE IN PU T TO READ DATA FROM EK2.DAT
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
CALL IN PU T
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
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C CALL SUBROUTINE IN IT IA L IZ E  TO EVALUATE
C IN IT IA L  PARAMETERS AT TIM E=0
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
CALL IN IT IA L IZ E
C
C ZERO TOTAL FLUID FLUX AMD ENERGY CONSUMPTION
C
DO 1 = 1  ,NUMEL
T F L 0 W (I)» 0 .0  
END DO 
T IM E = 0 .0  
E N E R G Y -0.0
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C START MARCHING IN  TIME
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DO 602 KT—1 ,NCYCLE 
C SAVE CONCENTRATIONS AND POTENTIALS FOR EVERY TIME STEP
DO J=l,NCaNT+2
DO I=1,NUMNP 
P P O ( J , I ) = P O ( J , I )
END DO 
END DO 
DO 1 = 1  ,NUMNP 
CHECK ( I )  =PO (NCONT+1, 1 )
END DO
NNN=1
NDD=0
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * <
C START SOLVING THE D IFFEREN TIA L EQUATIONS FOR SPE C IE S TRANSPORT
C NCONT—1  EQUATIONS ARE SOLVED BY FEM , AND THE LAST SPECIES
C I S  EVALUATED THROUGH CHARGE CONSERVATION EQUATION.
C FOR SOLVING ANY PDE CALL SUBROUTINES E L S T IF , GENER, AND SOLVES
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DO KK=1,N CON T-1
CALL E L S T IF (K K ,K T )
NHEP (KK) = 2  . * (NEQ (KK) -MBAND (KK) ) *MBAND (KK) +MBAND (KK) *
* (M BA N D (K K )-1)+2.0*N E Q (K K )
I F  (NHEP (KK) .GE .NDD) NDD=NHEP (KK)
IF (N D D .G E . 1 0 0 0 0 ) GO TO 7 1 0  
CALL GENER (KK,KT)
CALL SOLVES (KK,KT)
END DO
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DO J = l ,  NCONT-1 
DO 1 = 1 ,NUMNP
I F ( P O ( J , I )  .L E .O .)  P O (J , I ) = 1 . 0 E —14  
END DO 
END DO
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C CALL CHJBQUI TO MAKE CHEMICAL EQUILIBRIUM
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
CALL CH_EQUI 
DO I=1,NUM NP
PO (N C O N T ,I)= 0 .
DO JF = 1 ,N C O N T -1
PO (NCONT, I )  =PO (NCONT,1 )  -  (PO ( J F , I )  *SPCH (OF) ) /SPC H  (NCONT) 
END DO
END DO 
DO 1 = 1 ,NUMNP
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P B T O T 1 (I)= P O ( 2 , 1 ) +PR EC(X )+A D PB (X )
END DO
DO I=1,N U M N P
p o  (n c o n t + i ,  i )  = p p o  (n c o n t + i  ,  i )
END DO
C CALL SUBROUTINE PROP TO EVALUATE THE PARAMETERS REQUIRED
C FOR SOLVING CHARGE TRANSPORT PDE
CALL PROP
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C CALL E_POTEN  TO FIND ELEC TRIC  POTENTIAL
CALL POTEN
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C EVALUATE PARAMETERS REQUIRED FOR SOLVING CONSOLIDATION EQUATION
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DO 1 = 1  ,NUMEL
EGR2 ( I )  =ELEC*VEY (K K , I )
I F  ( E G R 2 ( I ) . G T .O .O ) E G R 2 ( I ) = 0 .0  
END DO 
KK=NCCNT+2 
DO I=1,N U M E L
X K (K K ,I )  =HYDC 
Y K (K K ,I )  = 0 .0  
VEX ( K K , I ) = 0 .
VEX (K K ,I )  = 0 .0
RET (K K , I )  -RETARD (KK)
A L F ( K K ,I ) = 0 .0  
A Q (K K ,I ) -E G R 2 ( I )
END DO
C SOLVE CQNOLIDATION EQUATION TO EVALUATE THE NEK
C HYDRAULIC D IST R IB U T IO N
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
CALL E L S T IF  (KK,KT)
NHEP (KK) = 2  . 0 *  (NEQ (KK) -MBAND (KK) ) *MBAND (KK) +MBAND (KK) *
* (MBAND (KK) —1 ) + 2  .  0*NEQ (KK)
I F  (NHEP (KK) . GE .NDD) NDD—NHEP (KK)
IF (N D D .G E .1 0 0 0 0 )  GO TO 7 1 0  
CALL GENER (KK,KT)
CALL SOLVES (KK,KT)
633  CONTINUE
CALL EPRO
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C CALCULATE TOTAL HYDRAULIC FLUX AT EVERY ELEMENT
C AND TOTAL ENERGY CONSUMPTION
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
DO J=1,N U M EL 
H FLO K (J) = 0 . 0  
DO X L = 1 , 8  
IR -N P  ( J , I L )
HFLOW( J )  =H FLO K (J) —ELEC*GRADX ( J ,  XL) *PO (NCONT+1,  IR )
END DO
TFLOK( J )  —TFLOW( J )  +HFLOW( J )  *DT* 6 4 0 1 .0 / 1 0 0 0 .0  
END DO 
1 0 0 2  CONTINUE
C ENERGY EX P.-VO LTA GE‘ CURRENT*TIM E/SOIL VOLUME
APCOND-0. 1 3 3 E - 3 * 7 0 . 0 * 1 .  O E 6/PO  (NCONT+1,1 )
POWER—PO (N C O N T+1,1 )  * 0 . 8 5 / 0 . 4 4 8
ENERGY-ENERGY+PO (NCONT+1,1 )  *0  .  8 5 E -3 *  (D T *24 . 0 ) / 0  .  4 4 8  
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
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c
1001
707
602
3000
3100
3200
3300
3400
3500
3600
3700
3800
3900
3910
3920
3930
3940
3950
700
705
710
800
DO I«1,NUM NP 
C C N D U C (I)= 0 .0
DO J = 1  ,NCC(NT
CCNDUC(I)-CCNDUC(X) + 4 3 . 4 4 0 5 8 4 * P O (J ,X )
*SPCH {J )  *SPCH  {J )  * D IF F  ( J )
END DO 
END DO
SAVE THE OUTPUT OF THIS TIM E STEP IN  OUTPUT F IL E S  
TIM E-TIM E+DT 
ACC” ( K T ) /5 - 0  
A C B - ( K T ) /1 0 .0
XF(XDNINT(ACB) .N E . ( ( K T ) / 1 0 . 0 ) )  GO TO 6 0 2  
DO 7 0 7  1= 1  ,NUMNP,  5 
XX ( I )  - 1 .  0 /  (5*NUMEL) * ( 1 - 1 )
P O l ( I ) — D LO G10(PO ( 1 , 1 ) )
P 0 2  ( I )  -PB T O T 1 ( I )  * 2 0 7 .2 * 1 0 0 0  . 0*RETARD (NCONT) / 1 . 8 0  
P 0 3  (X) -ADPB (X) * 2 0 7  .2 * 1 0 0 0  . 0 ‘ RETARD (NCONT) / 1 .8 0  
P 0 4  (X) -PR EC  (X) * 2 4 1 .  2 * 1 0 0 0 .  0 ‘ RETARD (NCONT) / 1 .8 0  
P 0 5 ( I ) - P O  (NCONT+2, 1 ) / 1 0 . 2 1  
W R IT E ( 1 ,3 0 0 0 )  T IM E ,X X (I) ,P 0 1  ( I )  ,CONDUC(X)
W R IT E ( 2 , 3 1 0 0 ) T Q 4 E ,X X (I) ,P 0 2  (X) , P O ( 2 , I ) , P 0 3  ( I )  , P 0 4 ( I )
W R IT E ( 1 0 ,3 2 0 0 ) TIM E,X X (X ) , PO (NCONT+1, 1) ,P O S ( I )
W R IT E ( 1 3 ,3 3 0 0 ) T I M E ,X X ( I ) ,P O ( 4 , I )
CONTINUE
W R IT E ( 1 6 ,3 7 0 0 )  T IM E , ( P O l ( I )  , 1 = 1 ,NUM NP,5)
WRITE ( 1 7 ,3 8 0 0 )  T IM E , (CONDUC ( I )  ,I= 1 ,N U M N P ,5 )
W R IT E ( 1 8 ,3 9 0 0 )  T IM E , ( P 0 2 ( I )  , 1 = 1 ,NUMNP,5)
W R IT E ( 1 9 ,3 9 1 0 )  T IM E , (P O (2  , 1 )  , 1 = 1 ,NUMNP,5 )
WRITE ( 2 0 ,3 9 2 0 )  T IM E , (P 0 3  ( I )  , 1 = 1 ,NUMNP,5 )
W R IT E ( 2 1 ,3 9 3 0 )  T IM E , (P 0 4  ( I )  , 1 = 1 ,NUMNP,5 )
WRITE ( 2 2 ,3 9 4 0 )  T IM E , (PO (N C O N T + l, I )  ,  1 = 1  ,NUMNP,5 )
W R IT E ( 2 3 ,3 9 5 0 )  T IM E , (P 0 5  (X ) , I —1 ,NUMNP,5 )
WRITE ( 1 5 ,3 4 0 0 )  TIME , ENERGY, POWER, APCOND 
WRITE ( 1 4 ,3 6 0 0 )  T IM E ,T F L O W (l) ,TFLOW(NUMEL)
DO I —1 ,NUMEL
WRITE ( 1 2 ,3 5 0 0 )  T IM E ,I ,H F L O W (I)
END DO 
CONTINUE
FO R M A T(8X ,F6. 2  , 5 X ,F 5 . 3 , 8 X ,F 5 . 2 ,5 X ,E 1 0  .3 )
FORMAT ( 4 X ,F 6 . 2 , 5 X ,F 5  . 3 ,  5 X ,F 8  .2  , 5 X ,E 1 0  .4  , 5 X ,F 7  . 2 , 5X ,F 8  .2 )  
FORMAT ( 8 X ,F 6 .2  , 5 X ,F 6 .4  , 5 X ,F 7 . 2  ,5 X ,F 7 .2 )
FORMAT (8X , F 6 . 2  ,  5X ,  F 6 .4  , 5 X , 2 E 1 0 . 3  )
FORMAT (8 X ,F 6 .2  , 5 X ,F 7 .2 ,5 X ,E 1 0  . 3 , 5 X ,E 1 0  .3 )
FORMAT ( 8 X , F 6 . 2 , 5 x , I 3 , 5 X , E 1 0 .3 )
FORMAT ( 8 X ,F 6 .2  , 5 x , E 1 0 . 3  ,5 X ,E 1 0  .3 )
F O R M A T (4X ,F 6.2 , 2 X , 1 0 1  (F 5  . 2 , 2X ) )
F O R M A T (4X ,F 6.2 , 2 X , 1 0 1  ( E 1 0 . 3 ,2 X ) )
FO R M A T (4X ,F 6.2 , 2 X , 1 0 1  ( F 8 . 2 , 2 X ) )
F O R M A T (4X ,F6 .2 , 2 X , 1 0 1  ( E 1 0 . 4 ,2 X ) )
F O R M A T (4X ,F6 .2 , 2 X , 1 0 1  ( F 7 . 2 , 2X) )
F O R M A T (4 X ,F 6 .2 ,2 X , 1 0 1  ( F 8 . 2 , 2X) )
F O R M A T (4X ,F6 .2 , 2 X , 1 0 1  ( F 7 . 2 , 2 X ) )
F O R M A T (4X ,F6 .2 , 2 X , 1 0 1  ( F 7 . 2 , 2 X ) )
GO TO 800
CALL MESSAGE ( ' DATA ENTRY ERROR. . .PLEA SE REENTER ' )
CALL MESSAGE ( '  ERROR. . IN PU T  & OUTPUT F IL E S  HAVE SAME NAME ' ) 
CALL MESSAGE ( ' REQUIRED DIM ENSION EXCEEDS ASSIGNED MEMORY •) 
STOP 
END
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c
c
SUBROUTINE IN PU T
IM P L IC IT  REAL*8 (A -H ,0 -Z )
CCM-«N/BLOCKl_/NUMNP,NUMEL,NUfrMAT,NEQ (1 0 )  ,  IPIN A X  ,MBAND (1 0 )  , 
MSS ,N P  ( 1 0 0 ,8 )  ,ID A S A ,N H E P (10 ) ,NDD,NCONT,NCYCLE 
CCfcMQN/PET/DT ,E L T  
CCM40N/QUAD/CC (3 4 2 )  ,MTOT,NNN
CCfeMON/ETiUX/IDBC (1 0  ,1 0 0  ,8 )  ,  IN P  ( 1 0 0 ,  8) ,F L U X X (10 ,1 0 0 , 8 )  ,
F L U X I( 1 0 , 1 0 0 , 8 ) ,  IM AT(1 0 0 )
COM 43N/BLOCK3/ID  ( 1 0 ,8 0 0 )  ,R ( 8 0 0 )  ,Z ( 8 0 0 )  ,P O ( 1 0 ,8 0 0 )  
C O M C N /B L 0 C K 4 /X K (1 0 ,1 0 0 ) ,X X (1 0 ,1 0 0 )  ,
VEX( 1 0 ,1 0 0 )  , VEX( 1 0 ,1 0 0 )  ,R E T ( 1 0 ,1 0 0 )  ,A L F ( 1 0 ,1 0 0 )  ,A Q (1 0 ,1 0 0 )  
CCM M 3N /BLO CK14/DIFF(1 0 ) ,S P C H (1 0 ) , RETARD (1 0 )  ,HXDC,ELEC,EXDO, 
ELEO,CURRENT 
CGM40N/ SLENGTH/SLENGTH 
CHARACTER ANS
2000
2010
23 0
24 0
2100
26 0
2 7 0
2 8 0
2 9 0
C
c
c
W R IT E ( 6 ,2 0 0 0 )
W R IT E ( 6 ,2 0 1 0 )
FORMAT ( / /  ,5 X ,  ' * NODAL POINT DATA AS IN PUT * ’ ,
/  ,7 X ,2 6  ( ' * ' ) )
F O R M A T (/ /2 X ,'N O D E ',3 X ,'B .C .C O D E S ',1 1 X , ' NODAL PO IN T C O O R D .', 
/ , 1 X ,  'NUMBER' ,2 7 X , 'X* ,9 X ,  ' I  • ,5 X , 'K N ' , / )
READ ( 5 ,* )  N ,R (N )  ,Z (N ) ,KN 
READ ( 5 ,* )  ( I D ( I , N )  ,I= l,N C O N T + 2 )
CONTINUE
FORMAT (BN , 1 5  , 5X  , 1 0 X  ,  2 F 10  .3  , 1 7  )
I F  (K N .E Q .0 ) GO TO 28 0
NUM INT- (N -N I)  /K N
D E L T R - (R (N) - R  (N I)  ) /NUMINT
D E L T Z - (Z (N) - Z  (N I)  ) /NUMINT
NUMXNT-NUMINT-1
DO 2 7 0  J - l,N U M IN T
NN=N I+J*KN
R  (NN) =R  (NN-KN) +DELTR
Z (NN) -Z  (NN-KN) +DELTZ
DO 2 7 0  1 = 1 ,NCONT
ID  (I ,N N ) - I D  ( I  ,N I )
CONTINUE
N I - N
I F  (N I.LT .N U M N P) GO TO 2 30  
POTENTIAL VALUES ENTRY 
DO N =1 ,NUMNP
WRITE ( 6 ,2 1 0 0 )  N ,R ( N ) ,Z (N )
WRITE ( 6 ,* )  (ID  (N C ,N ) ,N C=l,N CO N T+2)
END DO 
IX) J —1 , 4
READ ( S ,* )  ( P O ( I , J )  , I —1  ,NCONT+2)
END DO
DO J-NUMNP-2,NUMNP
READ ( 5 ,* )  ( P O ( I , J )  , I —1  ,NCONT+2)
END DO
DO NN—5 ,NUMNP—3
DO I —1 ,NCONT+2 
PO (I ,N N ) —PO ( 1 ,4 )
END DO 
END DO
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c
C DATA. QT THE OUTPUT F H Z .
c
WRITE ( 6 ,2 2 0 0 )
WRITE ( 6 ,2 2 1 0 )
2 2 0 0  F O R M A T (//,5 X , ' * COMPLETE MODAL PO IN T  DATA * ' ,
1  / , 8 X , 2 5 ( ' * ' ) )
2 2 1 0  FO R M A T (//2X , 'NODE' ,3 X ,  'B .C .C O D E S ' ,1 1 X ,  'NODAL POINT COORD. ' ,
1  / , 1 X ,  'NUMBER' ,2 7 X , 'X ' ,9 X ,  ' Y ' ,7 X , 'IN IT IA L  CONDITION*)
C
C COUNT N E Q - NUMBER OF EQUATIONS.
C
DO KK-1,NCONT+2 
NEQ(KK)= 0  
DO N=1,NUMNP
I F  (ID  (KK,N) .N E .0 )  GO TO 360  
NEQ (KK) -N EQ  (KK) + 1  
ID  (KK,N) “NEQ (KK)
GO TO 3 7 0  
3 6 0  L D (K K ,N )= 0
3 7 0  CONTINUE
END DO 
END DO
READ(5 ,* )  ( D I F F ( I ) , 1 = 1 , NCONT)
READ ( 5 ,* )  (S P C H (I) , 1 = 1 , NCONT)
READ( 5 ,* )  (RETARD ( I )  , 1 = 1 ,NCONT+2)
READ (5  ,* )  H Y D C,ELEC,H Y D 0,ELE0, SLENGTH, ATAU, CURRENT 
C HXDC=HXDC/(SLENGTH**2.0)
C ELE C -E L EC / (SLENGTH** 2  .0 )
DO 1 = 1 ,NCONT
D IF F  ( I )  = D IF F  ( I )  *AIAU
END DO
DO N = l ,  NUMNP 
R (N ) =  SLENGTH*R(N)
Z(N ) =  SLENGTH* Z (N)
END DO
DO IJL=1,N U M EL
DO K K=l,NCCNT+2 
DO 1 = 1 ,8  
IDBC(KK, I J L , I ) =0 
FLUXX (KK, I J L , I )  = 0  .
FLUXX (KK, I J L  , I )  = 0  .
END DO
END DO 
END DO
4 0 0  READ ( 5 ,* )  IN E L , (IN P  ( I N E L ,I )  , 1 = 1 ,8 )  ,IM A T (IN E L ) ,K N ,K JU M P,IC O
I F ( I C O .E Q .l )  THEN 
DO K K =l,N C 0N T+2 
DO 1 = 1 , 7 , 2
READ (5  , * ) IDBC (KK, I N E L ,I )  , FLUXX (KK, IN E L , I )  , FLUXX (KK, IN E L , I )  
END DO 
END DO 
END I F
IF (K JU M P .E Q .O ) GOTO 4 8 0  
NUMINT- (XNEL-NK) /KJUM P 
DO J - l ,  NUMINT-1 
NN-NK+J*KJUMP 
DO 1 = 1 ,8
IN P (NN, I )  = IN P  (NN-KJUMP , I )  +KN 
END DO
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D O S  (NN) -IM A T  (NN-KJUMP)
END DO 
4 8 0  CONTINUE 
N K -IN E L
I F  (NK.LT.NUM EL) GOTO 4 0 0  
RETURN 
END
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SUBROUTINE IN IT IA L IZ E  
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
IM P L IC IT  REAL*8 ( A -H ,0 -Z )
CCM43N/BLOCK1/NUMNP ,NUMEL,NUM4AT,NEQ (1 0 )  ,IPLNAX,MBAND (1 0 ) , 
M S S ,N P (1 0 0 ,8 ) ,ID A T A ,N H E P (1 0 ) ,N D D ,NCONT,NCYCLE 
CC&M 3N/PET/DT ,ELT
CCM 40N/BLOCK3/ID  ( 1 0 ,8 0 0 )  ,R ( 8 0 0 )  ,Z ( 8 0 0 )  ,P O ( 1 0 ,8 0 0 )  
C C N M 0N /B L O C K 4/X K (10,100) ,X K (1 0 ,1 0 0 )  ,
VEX ( 1 0 , 1 0 0 ) , VEX( 1 0 ,1 0 0 )  ,R E T ( 1 0 ,1 0 0 )  ,A L F ( 1 0 ,1 0 0 )  ,A Q (1 0 ,1 0 0 )  
CCM 40N/BLO CK 5/A 1( 1 0 , 1 0 0 0 0 ) ,A 2 ( 1 0 ,1 0 0 0 0 )  
CC**«0fN/BLOCK7/GRADX(100,8) ,  GRADY (1 0 0  , 8 )  ,
GRADX2( 1 0 0 ,8 )  ,GRADY2 ( 1 0 0 ,8 )  ,P O E L E ( 1 0 0 ,8 )  
C C t* * 3 N /B L O C K 8 /S P C O N (8 0 0 ),S P C O N X G (8 0 0 ),S P C C N X G (8 0 0 ),S P D IF (8 0 0 ) 
C O M 3 N /B L O C K 1 4 /D IF F { 1 0 ) ,S P C H (1 0 ) , RETARD (1 0 )  ,HXDC,ELEC,HXD0 , 
ELEO, CURRENT 
CO*M ON/QUAD/CC(342) ,MTOT,NNN 
CCM 40N/PUT/NPUT ,NOUT (1 0 0 0 0 )
C C ** * 3 (N /F L U X /ID B C (1 0 ,1 0 0 ,8 ) , IN P  ( 1 0 0 ,8 )  ,FLU X X (10 ,1 0 0  ,8 )  ,
FLUXX( 1 0 , 1 0 0 , 8 ) , IM A T (100)
CGM4QN/SOR/ADPB (8 0 0 )  ,P R E C (8 0 0 )
CGfcMQN/ SLENGTH/SLENGTH
CCM 4DN/OUT/EGR2(8 0 0 )  ,P B T O T (8 0 0 ) , CHECK(8 0 0 )  ,P P O ( 1 0 ,8 0 0 )  , 
HFLOW(IOO) , T F L O W (IO O ),PB T O T l (8 0 0 )  ,CONDUC(800)
DO 1 = 1 ,NUMEL
DO J - l,N C O N T  
X K ( J , I ) = D I F F ( J )
VEX (J ,  I )  =  (3  9 . 0*SPCH (J )  *D LFF (J )  +ELEC) *ELE0+HYDC*HXD0 
V E X ( J , I ) * 0 .
X K ( J , I ) « 0 . 0  
RET (J ,I ) -R E T A R D  ( J )
A L F ( J , I ) = 0 .
A Q ( J , I ) - 0 .
END DO 
END DO
SORPTION AT T IM E -0 
DO I —1 ,NUMNP
P R E C ( I ) —0 . 0  
A D P B (I )= 0 .
I F ( P O ( l , I ) . G E . 0 . 1 )  THEN 
A K D -0 .0
E L S E IF  ( P O ( l , I ) . L E . 2 . 0 E - 0 5 )  THEN 
A K D -1 .0  
ELSE
AKD—0 . 2 7 * (-D L O G 1 0 (P O ( 1 , 1 ) ) - 1 . 0 )
END I F
I F  ( P O ( 2 , I ) . L E .1 7 .0 E - 3 )  THEN 
ADPB ( I )  -AKD*PO (2  , 1 )
ELSE
ADPB ( I )  =AKD*17 . O E -3
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END I F
I F  (ADPB ( I )  .G T .1 7 .0 E - 0 3 )  ADPB ( I ) - 1 7 .  O E -3  
PO (2  ,1 )  -P O  (2  , 1 ) -ADPB ( I )
END DO
C
C EVALUATE IN IT IA L  CONCENTRATION O F THE LAST CHEMICAL S P E C IE S  (NCONT)
C BY EQUATION O F CONSERVATION OF ELECTRICAL NEUTRALITY
C FO R TH IS C A SE ; 'N IT R A T E ' BALANCE THE CHARGE IN  THE PORE FLU ID
DO I-1 ,N U M N P
PO (N C O N T ,I)- 0 . 0  
DO J F - 1  ,N C G N T -1
PO (N C O N T ,I) —PO (N C O N T,I) -  (PO ( J F , I )  *SPCH ( J F )  ) /SPC H  (NCONT)
END DO 
END DO
DO I - X ,  NUMNP
PO (NCONT+1, 1 )  -  ( SL EN G TH -R (I) ) *ELE0
END DO
RETURN
END
C *************************************************
SUBROUTINE E L S T IF  (K JK ,K T )
C *************************************************
IM P L IC IT  REAL* 8  (A -H ,0 -Z )
CCfeM ON/BLOCK2/EAC,RR(8) ,Z Z (8 )  , G ( 2 , 8 )  ,G 1 ( 2 ,8 )  ,Q ( 8 )  
CGtMON/BLOCKl/NUMNP,NUMEL,NUtMAT,NEQ (1 0 )  ,  IPLNAX , MBAND ( 1 0 )  ,
* MSS ,N P  (1 0 0  ,8 )  ,ID A T A ,N H E P (10 ) ,NDD , NCONT,NCYCLE 
CCM 40N /PET/D T ,E L T
CCM40N/QUAD/CC (3 4 2 )  ,MTOT,NNN 
CCM 40N/PUT/N PU T ,NOUT (1 0 0 0 0 )
C O M O N /FL U X /ID B C  (1 0  ,1 0 0  ,8 )  ,IN P  ( 1 0 0 ,8 )  , FLUXX (1 0  ,1 0 0  , 8) ,
* FLUX Y ( 1 0 ,1 0 0 ,8 )  , IM A T(1 0 0 )
CCM 40N /BLO CK 3/ID  ( 1 0 , 8 0 0 ) ,R (8 0 0 )  , Z ( 8 0 0 ) , P O ( 1 0 ,8 0 0 )  
C G *M O N /B L O C K 4/X K (10 ,100) ,Y K (1 0 ,1 0 0 )  ,V E X (1 0 ,1 0 0 )  ,
* VEY (1 0  , 1 0 0 ) ,R E T ( 1 0 ,1 0 0 )  ,A L F ( 1 0 ,1 0 0 )  ,A Q ( 1 0 ,1 0 0 )  
C G M 40N /B L O C K 6/SK F(10 ,1 0 0  ,8 4 )  , £ ( 1 0 , 1 0 0 , 6 4 )  ,QQ (1 0  ,1 0 0  ,8 )  
CCM M 0N /BLO CK7/GRA DX (100,8) , GRADY ( 1 0 0 ,8 )  ,
* GRADX2 ( 1 0 0 ,8 )  ,GRADY2 ( 1 0 0 ,8 )  ,P O E L E ( 1 0 0 ,8 )
CCM4CN/ SLENGTH/SLENGTH
DIMENSION S S S (3 )  ,T T T (3 )  ,V BO (3) ,W V ( 3 )  ,V L (6 4 )  ,A K (6 4 )
DIM ENSION A L E ( 8 )  , £ 1 ( 1 0 , 1 0 0 , 6 4 )  , £ 2 ( 1 0 , 1 0 0 , 8 )
CHARACTER ANS
DATA S S S / - 0 .7 7 4 5 9 6 6 6 9 2 , 0 . 0 , 0 . 7 7 4 5 9 6 6 6 9 2 /
DATA I T T /  0 .5 5 5 5 5 5 5 5 5 6 ,0 .8 8 8 8 8 8 8 8 8 9 ,0 .5 5 5 5 5 5 5 5 5 6 /
M S S - 64 
MBAND (KJK) - 0  
N EL=0
C
IPL N A X -0
DO 5 4 0  INEL=1,NUM EL 
38 0  CONTINUE
c * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C GENERATE NEW ELEMENTS I F  ELEMENT N O s . ARE NOT SEQUENT.
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
410  IJU M P—0
42 0  N EL -N E L+1
GO TO 4 4 0
430  CALL MESSAGE ( ' E R R O R _ELEMENTS ARE NOT SEQUENTIAL. . ' )
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STOP 
4 4 0  DO 1 - 1 , 8
N P ( I N E L ,I )  “ B P  (IN E L , I )
END DO
MAT—IMAT(INEL)
GO TO 4 6 0  
4 5 0  CONTINUE
4 6 0  CONTINUE
C
C DETERMINE BAND WIDTH
C
DO 1 - 1 , 8
DO J - l , 8 
IR -N P  (IN E L , I )
J R -N P (IN E L , J )
I F ( I D ( K J K ,I R )  .E Q .0 )G O  TO 470 
I F  ( ID  (K JK , JR ) .E Q .0 )  GO TO 470  
K K -IA B S (ID  (K JK ,IR ) - I D  (K JK , JR ) )
I F  (KK. GT .MBAND (K JK ) ) MBAND (KJK) -K K  
4 7 0  END DO
END DO
C
C I F  AXISYMrl. PROBLEM, GET S T IF F  .MATRIX FOR EVER? ELEMENT.
C
I F  (IP L M A X .E Q .l) I  JUMP—0 
I F ( I J U M P .E Q .l )  GO TO 5 2 0
C
C TAKE EVERY X AND Y COORD. TO RR AND ZZ ARRAY. .
C
DO 1 - 1 , 8
M = N P (IN E L ,I)
K R ( I ) -R (M )
ZZ ( I ) - Z  (M)
END DO 
DO J I - 1 , 5 , 2
ALE (J I )  -SO R T  ( (R R (J I+ 2 )  -R R (J T )  ) **2+  (ZZ ( J I + 2 )  -Z Z  ( J I )  ) * * 2 )  
END DO
A L E ( 7 ) -S Q R T ( ( R R ( 7 ) - R R ( 1 ) ) * * 2 + ( Z Z ( 7 ) - Z Z ( 1 ) ) * * 2 )
K—INEL
PERM1—XK (K JK , K)
PERM2-YK (K JK , K)
EE—VEX (K JK ,)c)
EENU-VEY (K JK ,K )
RCOEF—R E T (K JK ,K )
AALF—A L F (K JK ,K )
QCOEF—A Q (K JK ,K )
NTS—3 
NN—0
C
DO 1 - 1 , 8
Q Q (K JK , IN E L , I ) - 0 . 0  
END DO 
DO J - l , 64
V L {J ) = 0 .
AK( J )  —0 .
F I  (K JK , IN E L , J )  - 0  .
SKF (K JK , IN EL , J )  = 0 .
E (K JK , IN EL ,  J )  = 0 .0  
END DO 
DO 1 - 1 , 8
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F 2  (K JK , IN E L  , I )  = 0 .0  
END DO
DO 5 0 0  LR—1 ,NTS 
S—3 3 3 (LR)
DO 5 0 0  L Z -1 ,N T S  
T -S S S (L Z )
C
C FOHM LOCAL STIEENESS MATRIX.
C
CALL E O R M B M (S,T ,IP IM A X ,0)
EAC-EAC+TTT (LR) *TTT (LZ)
C E MATRIX I S  THE TIME DERIVATIVE DEL C * CDOT
C SO I T  I S  MOT MULTIPLIED BY TIME
L L - l  
DO 1 - 1 , 8
DO J - l , 8
E (K JK ,IN E L ,L L ) —Q ( I )  *Q ( J )  *EAC*RCOEF+E (K JK ,IN E L ,L L ) 
L L -L L + 1  
END DO 
END DO 
EACK—EAC*DT 
LL—1
DO 1 - 1 , 8
DO J - l , 8
A K (LL) =Q ( I )  * Q (J )  *FACK*AALF+AK (LL)
L L -L L + 1  
EMD DO 
END DO
C 3KF MATRIX I S  DEL C ,x x  * C ,x x
C SO I T  I S  MULTIPLIED BX TIME
L L - l
DO 1 - 1 , 8
DO K—1 , 8
HH—6 ( 1 , 1 )  * G (1 ,K ) * P E B M 1+ G (2 ,I) * G (2 ,K )  *PERM2 
S K F (K JK ,IM E L ,L L )-S K F (K JK ,IM E L ,L L ) +  (HH) *FACK 
L L -L L + 1  
EMD DO 
EMD DO
C VL MATRIX I S  THE DEL C* C ,x
C I T  I S  ALSO MULTIPLIED BX TIME
KKK-1 
DO 1 = 1 ,8
DO K - 1 ,8
RKR=EE*Q ( I )  *G (1  ,K ) +EENU*Q ( I )  *G (2  ,K )
VL (KKK) -V L  (KKK) +RER+EACK 
KKK-KKK+1 
EMD DO 
EMD DO 
K I - 1
DO 1 - 1 , 8
Q Q (K J K ,IM E L ,K I) -Q (I )  * EACK* QCOEF+QQ (K JK , IN E L ,K I)  
K t- K I + 1  
EMD DO 
5 0 0  CONTINUE 
C SKF I S  THE LEFT HARD SID E MATRIX WHILE
C E I S  THE RIGHT HAND SID E MATRIX SINCE I T
C CONTAINS T+DELTA T AMD T ELEMENTS
C
DO I K - 1 , 7 , 2
I F  (IDBC (K JK , IN E L , IK ) .N E . l )  GO TO 5 1 0 3
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5 1 0 3
*
XD1—MOD ( I X , 8)
ID 2 -M O O (IK + 2 ,8 )
EACLXNZ»SQRT( (R R (X D l) -R R (Z D 2 )) * * 2 + ( Z Z ( Z D 1 ) - Z Z ( I D 2 ) ) * * 2 )  
FACK=FACLINE*DT
F 2  (K JK , INEZ., IK ) -SA CK* (FLUXX (K JK , IN EL ,  IK )  +
FLUXX (K JK ,IN E L ,IK )  ) / 6 - 0 
F 2  (K J K ,IN E L ,IK + 1 )= 4 .0 * F 2  (K JK ,IN E L ,IK )
I F  ( I K .E Q .7 )  THEN 
F 2  ( K J K ,I N E L ,1 ) - F 2  (K J K ,IN E L ,IK )
ELSE
F 2  (K JK , INEL , IK + 2 ) = F 2  (K JK , IN E L  , IK )
END I F
FACK=EACK* ( (EE) -I- (EENU) )
I F  ( I K .E Q . l )  THEN
F I ( K J K ,  IN E L ,1 )
F I ( K J K , IN E L ,2 )
F I  (K JK ,IN E L ,3)
F I  (K JK ,IN E L ,9)
F I  (K JK ,IN E L ,10  
F I  (K JK ,IN E L , 11  
F I ( K J K , IN E L ,17  
F I ( K J K , IN E L ,18  
F I  (K JK ,IN E L , 19; 
ELSE I F  ( I K .E Q .3 )  
F I  (K JK ,IN E L ,19!
F I ( K J K ,  IN E L ,20  
F I ( K J K , IN E L ,2 1  
F I ( K J K , IN E L ,27  
F I ( K J K ,  IN E L ,28  
F I ( K J K ,  IN E L ,2 9  
F I  (K JK ,IN E L ,35  
F I  (K JK ,IN E L ,3 6  
F I ( K J K ,I N E L ,37
ELSE I F  ( I K .E Q .5 )  THEN
2 .0 * F A C K /1 S .0 + F 1 ( K J K ,IN E L ,1 )  
F A C K /1 5 . 0 + F 1 (K JK , IN E L ,2 )  
-F A C K /3 0 . 0 + F 1 (K J K , IN E L ,3 )  
F A C K /1 5 . 0 + F 1 (K J K ,IN E L ,9 )  
8 . O‘ F A C K /1 5 . 0 + F 1 (K JK , IN E L ,1 0  
F A C K /1 5 .0 + F 1 (K J K ,IN E L ,1 1  
—F A C K /3 0 . 0 + F 1 (K J K ,IN E L ,1 7  
F A C K /1 5 . 0 + F 1 (K JK , IN E L ,1 8  
2 . 0 ‘ F A C K /1 5 . 0 + F 1 (K JK  , IN E L ,1 9  
THEN
2 . 0 ‘ F A C K /1 5 .0 + F 1 (K J K ,IN E L ,1 9  
F A C K /1 5 . 0 + F 1 (K J K ,IN E L ,2 0  
-F A C K /3 0 . 0 + F 1 (K J K ,IN E L ,2 1  
F A C K /1 5 . 0 + F 1 (K J K ,IN E L ,2 7  
8 . 0 ‘ F A C K /1 5 .0 + F 1 (K J K ,IN E L ,2 8  
FA C K /15  . 0+ F 1  (K JK , IN E L ,2 9  
-F A C K /3 0 . 0 + F 1 (K J K ,IN E L ,3 5  
F A C K /1 5 . 0 + F 1 (K JK  ,  IN E L ,3 6  
2 . 0 ‘ F A C K /1 5 .0 + F 1 (K J K ,IN E L ,3 7
F I ( K J K ,  IN E L ,37  
F I  (K JK ,IN E L ,38  
F I ( K J K , IN E L ,39  
F I ( K J K ,  IN E L ,45 
F I ( K J K ,  IN E L ,46  
F I ( K J K ,  IN E L ,47 
F I ( K J K , IN E L ,53  
F I  (K JK ,IN E L ,54  
F I  (K JK ,IN E L ,55  
ELSE I F  ( I K .E Q .7 )  
F I  (K JK ,IN E L , 1 )  “  
F I ( K J K ,  IN E L ,7 ) *  
F I ( K J K , IN E L ,8) =  
F I  (K J K ,IN E L ,4 9 ) «* 
F I ( K J K ,I N E L ,5 5 ) =  
F I ( K J K ,  IN E L ,5 6 ) “  
F I ( K J K , IN E L ,5 7 ) -  
F I  (K J K ,IN E L ,63 ) -  
F I  (K J K ,IN E L ,64 ) =  
END I F  
END DO
2 . 0 * E A C K /1 5 . 0 + F 1 (K J K ,IN E L ,3 7  
F A C K /1 5 .0 + F 1 (K J K , IN E L ,3 8  
-F A C K /3 0 . 0 + F 1 ( K J K ,IN E L ,3 9  
F A C K /1 5 . 0 + F 1 (K JK , IN E L ,4 5  
8 .0 * F A C K /1 5 .0 + F 1 ( K J K ,IN E L ,4 6  
F A C K /1 5 .0 + F 1 (K J K , IN E L ,4 7  
- F A C K /3 0 .0 + F 1 (K J K ,I N E L ,5 3  
F A C K /1 5 .0 + F 1 (K J K ,IN E L ,5 4  
2 . 0 ‘ F A C K /1 5 .0 + F 1 (K J K ,IN E L ,5 5  
THEN
2 . 0 * E A C K /1 5 . 0 + F 1 ( K J K ,IN E L ,1 )  
-F A C K /3 0 .0 + F 1 (K J K ,I N E L ,7 )  
F A C K /1 5 . 0 + F 1 (K JK , IN E L ,8 )  
-F A C K /3 0 . 0 + F 1 (K J K ,IN E L ,4 9 )  
2 . 0 ‘ F A C K /1 5 . 0 + F 1 (K JK , IN E L ,5 5 )  
F A C K /1 5 .0 + F 1 (K J K ,IN E L ,5 6 )  
F A C K /1 5 .0 + F 1 (K J K ,IN E L ,5 7 ) 
F A C K /1 5 . 0+ F 1  (K JK , IN E L , 63 ) 
8 . 0 ‘ F A C K /1 5 . 0 + F 1 (K JK , IN E L ,6 4 )
DO J= 1 ,M S S
SKF (K JK ,IN E L , J )  = S K F (K JK , IN E L , J )  +E (K JK , IN E L , J )  +VL (J )  + 
F I  (K JK , IN EL ,  J )  -A K  (J )
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c
5 2 0
C
c
c
c
5 3 0
5 4 0
5 5 0
3 2 0 0
C
c
3 0 0
4 0 0
c
c
c
END DO 
DO 1 = 1 ,8
QQ (K JK , IN E L , I )  =QQ (K JK , IN E L , I )  - F 2  ( K J K ,IN E L ,I )
END DO
CONTINUE
CALL FOHMBM(0. , 0 . ,IP L A N X ,2 )
DO 1 = 1 ,8
GRADX (IN E L  ,  I )  =G ( 1 , 1)
GRADX (IN E L  , I )  =G (2  , 1 )
GRADX2 (IN E L  , I )  =G 1 ( 1 , 1)
GRADX2 (IN E L  , I )  =G 1 ( 2 ,1 )
POELE ( I N E L ,I )  = Q ( I )
END DO
CHECK FOR THE LAST ELEMENT.
IF ( IN E L -N E L ) 4 3 0 ,5 3 0 ,4 2 0  
IF (N U M E L -N E L )4 3 0 ,5 5 0 ,5 4 0  
CONTINUE 
CONTINUE
W RITE ( 6 ,3 2 0 0 ) MBAND (KJK)
FOBMAT ( / /  ,5 X , ' * BANDW IDTH =  ' ,  1 5  )
RETURN
END
SUBROUTINE FORMBM ( S , T  , I P , IF )
IM P L IC IT  REAL * 8  (A -H ,0 -Z )
CCM M ON/BLOCK2/FAC,RR(8) ,Z Z (8 )  , G ( 2 , 8 )  , G 1 ( 2 ,8 )  ,H (8 )  
DIM ENSION 1 1 ( 6 )  ,J J ~ (6 )  ,H S (8 ) ,H T ( 8 )  ,H R (8 )  ,HZ (8 ) ,HRZ (8 ) 
DIM ENSION H TT(8 )  ,H SS (8 )  ,H T S (8 ) ,H R 1 (8 ) ,H Z 1 (8 )
DATA 1 1 / 1 , 3 , 5 , 7 , 9 , 1 0 /
DATA J J / 2 , 4 , 6 , 8 , 1 1 , 1 2 /
REAL JAC 
K=0
DO 3 0 0  1 = 1 ,2  
DO 3 0 0  J = l , 8  
G 1 ( I , J ) = 0 . 0  
G ( I , J ) = 0 .0  
DO 4 0 0  1 = 1 ,8  
H R Z ( I ) = 0 .0
FORM THE INTERPOLATION FUNCTION [H ] .
SM =1. 0 - S  
S P = 1 . 0+S
■ m = i. o - t
T P = 1 . 0+T  
S T P = S + T + 1 .0  
SPN=S—T —1 . 0  
S T P 1= S + T —1 . 0  
S P N 1 -S -T + 1 .0  
S S = 1 .0 - ( S * S )
T T = 1 .0 - ( T * T )
C C 1 = 2 .0 * S + T  
C C 2 = 2 . 0 * S -T  
C C 3 = 2 . 0*T +S
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c
c
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c
100
1 7 0
200
c
C C 4 = 2 .0 * T -S
DETERMINE SHAPE FUNCTIONS
H (1 ) -  (SM*TM*STP) /  ( - 4  . 0)
H (2 )  =*(SS*TM) / 2 . 0  
H (3 )  »  (SP*1M *SPN) /  (4  .  0)
H ( 4 ) - ( T T * S P ) / ( 2 . 0 )
H (5 )  «  (S P *T P *S T P 1) / 4  . 0 
H ( 6 ) « ( S S * T P ) / ( 2 .0 )
H (7 )« (S M *T P *S E N 1) / ( - 4 . 0 )
H (8 )« { T T * S M ) /{ 2 .0 )
H S ( l) « T M * C C l/4 .0  
H S{2) —  (7M*S)
HS ( 3 ) ~0M *C C 2/4  . 0 
H S ( 4 ) - T T /2 .0  
H S ( 5 ) « T P * C C l /4 .0  
H S ( 6 ) — (T P*S)
H S ( 7 ) * T P * C C 2 /4 . 0  
HS (8 )  “ -H S (4 )
H T ( 1 ) »S M * C C 3 /4 . 0
H T ( 2 ) « - S S / 2 .0
H T (3 )~ S P * C C 4 /4 .0
H T (4 )= -S P * T
H T ( 5 )» S P * C C 3 /4 .0
H T( 6 ) “ -H T (2 )
H T (7 ) -S M * C C 4 /4 .0
H T (8 )« -S M * T
PZT*H T( 1 ) * Z Z ( 1 ) +HT ( 2 ) *Z Z ( 2 ) +HT ( 3 ) *Z Z (3) +HT ( 4 ) * Z Z (4) + 
HT (5 ) *ZZ (5 ) +HT (6 ) *ZZ (6 ) +HT (7 ) *ZZ (7) +HT (8 )  *ZZ (8) 
P Z S =H S( 1 ) * Z Z ( 1 ) +HS ( 2 ) *Z Z ( 2 ) +HS ( 3 ) *Z Z ( 3 ) + H S ( 4 ) * Z Z (4 ) + 
H S ( 5 ) * Z Z ( 5 ) +HS ( 6 ) *Z Z ( 6 ) +HS ( 7 ) *Z Z (7) + H S ( 8 ) * Z Z (8) 
PRS=HS (1 ) *R R (1 ) +HS (2 )  *R R (2) +HS (3 )  *R R(3) +HS (4 )  *R R (4) + 
HS (5 ) *R R (5 ) +HS (6 )  *R R (6) +HS (7 ) *R R (7) +HS (8 )  *R R (8) 
PRT=*HT (1 ) *H R (1) +HT (2 ) *R R (2) +HT (3 )  *R R (3) +HT (4 )  *R R (4) + 
HT (5 ) *R R (5 ) +HT (6 )  *R R (6) +HT (7 ) *R R (7) +HT (8 )  *R R (8)
DETERMINE JACOBEAN
X J=PR S*PZT—PR.T*PZS
P 3 R = P Z T /X J 
P T R = -P Z S /X J  
PSZ— P R T /X J 
P T Z = P R S /X J
DO 1 0 0  1 = 1 ,8
HR (I )= P S R * H S (I )+ P T R * H T (I )
HZ (I )= P S Z * H S ( I )+ P T Z * H T (I )
R ^ l .
DO 2 0 0  J = l , 8  
G ( l ,  J ) = H R (J )
G ( 2 ,J ) = H Z ( J )
EAC=XJ*R
I F  ( I F .N E . 2 ) GO TO 1 7 5  
CCS—1 . 0 - 2 . * S - 2 . 0 * T
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CC6 = 2 . * T - 2 .0 * 3 —1 .
C C 7 -1 . 0 + 2 . * 3 + 2 . 0*T  
C C 8= 2 . 0 * 3 - 2 . 0 * T - 1 .
HSS ( l ) » T M / 2 .0  
HS3 ( 2 ) — TM 
H S S ( 3 ) “ H S S (1 )
H S S ( 4 ) * 0 . 0  
H S S ( 5 ) - T P / 2 . 0  
HSS ( 6 ) — TP 
HSS ( 7 ) -H S S  (5 )
H SS( 8 ) - 0 . 0
HTT (1 )  —S M /2 .
H T T (2 )= 0 . 0  
H T T (3 )—S P / 2 .
HTT ( 4 ) —  SP 
HTT ( 5 ) -H T T  (3 )
HTT (6 )  = 0 . 0  
HTT ( 7 ) -H T T  (1 )
HTT (8 )  —  SM
P 2T S -H T S  ( 1 ) * Z Z ( 1 ) + H T S ( 2 ) * Z Z ( 2 ) + H T S ( 3 ) * Z Z ( 3 ) + H T S( 4 ) * Z Z (4 ) + 
HTS ( 5 ) * Z Z ( 5 ) + H T S ( 6 ) * Z Z ( 6 ) + H T S ( 7 ) * Z Z ( 7 ) + H T S( 8 ) * Z Z (8 ) 
PZSS—H SS (1 ) * Z Z ( 1 ) + H S S ( 2 ) * Z Z ( 2 ) + H S S ( 3 ) * Z Z ( 3 ) + H S S ( 4 ) * Z Z (4 ) + 
HSS ( 5 ) *ZZ ( 5 ) + H S S ( 6 ) * Z Z ( 6 ) + H S S ( 7 ) * Z Z ( 7 ) + H S S ( 8 ) * Z Z (8 ) 
PZTT—HTT ( 1 ) * Z Z ( 1 ) +HTT ( 2 ) * Z Z ( 2 ) +H T T ( 3 ) * Z Z ( 3 ) +H T T ( 4 ) * Z Z (4 )  + 
HTT (5 ) *ZZ ( 5 ) +H T T ( 6 ) * Z Z ( 6 ) +H T T ( 7 ) * Z Z ( 7 ) +H T T ( 8 ) * Z Z (8 ) 
PR TS-H TS (1 ) *B R (1) +HTS (2 )  *R R (2 )+ H T S  (3 )  *R R (3 )+ H T S  (4 ) * R R (4 ) + 
HTS (5 ) *B R (5) +HTS (6 )  *K R (6)+ H T S  (7 ) *R R {7)+H T S (8 ) *K R (8) 
PR S S-H SS  (1 ) *R R (1) +BSS (2 )  *K R (2) +HSS (3 ) * R R (3 ) +HSS (4 ) * R R (4 ) + 
HSS (5 ) *R R (5) +HSS (6 )  *K R (6) +HSS (7 ) * R R (7 ) +HSS (8 ) *R R (8 ) 
PRTT—HTT (1 ) *R R (1) +HTT (2 )  * R R (2 )+ H T T (3 ) * B R (3 )+ H T T  (4 ) * R R (4 ) + 
HTT (5 ) *B R (5) +HTT (6 )  *R R (6 ) +HTT (7 ) * R R (7 ) +HTT (8 ) *R R (8 )
PARTIAL OF JACOB IAN W .R .T . S AND T
P JS —PR S*PZTS+PZT*PR SS—PZS*ER TS—PRT*PZSS 
PJT =PR S*PZ TT +PZ T *PR T S-PZ S*PR T T-PR T *PZ T S
P Z T S P -P Z T S /X J  
PZTSM— PZTS /X J  
PZ SS1— P Z S S /X J  
PZTT1—P Z T T /X J  
PRTSP—P R T S /X J  
PRTSM «-PRTS /X J  
PRTT1— P R T T /X J 
PRSS1—P R S S /X J  
P J S 1 - P J S /X J  
P JT 1 —P J T /X J
PSA 11—PZ T S P—P S R *PJS1 
PSA 12—P Z S S 1 —PT R *PJS 1 
PTA11—PZ T T 1—PSR *PJT 1 
PTA12—PZTSM -PTR*PJT1 
PSA 21—PRTSM—P S Z *P JS 1  
PSA 22—P R S S 1 -P T Z * P JS 1  
PTA21—PR TT 1—P S Z *PJT 1 
PTA22—PR TSP—PT Z *PJT 1
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DO 1 0 1  1 = 1 ,8
HR1 ( I )  —PSR *PSR*H SS (X) +PSR *PSA 11*H S (X) + 2  . *
* (PSR *PTR*H TS ( i )  ) +PSR *PSA 12*H T  ( I )  +PTR*PTA 11*HS ( I )  +
* P T R * P T R * H T T (I)+ P T R * P T A 1 2 * H T (I)
C
HZ1 (X) = P 3Z *P 3Z *H S 3  (X) +PSZ *PSA 21*H S (X) + 2  .  *
* (PSZ*PTZ*H TS ( I )  ) +PSZ *PSA 22*H T  ( I )  +PTZ*PTA 21*H S ( I )  +
* PTZ*PTZ»H TT (I )+ P T Z * P T A 2 2 * H T (I )
C
HRZ (X) “ PSR *PSZ*H SS ( I )  +PSR *PSA 21*H S ( I )  +PSR*PTZ*H TS ( I )  +
* PSR *PSA 22*H T  ( I )  +PTR*PSZ*H TS ( I )  +PTR*PTA 21*H S ( I )  +
* P T R * P T Z * H T T (I)+ P T R * P T A 2 2 * H T (I)
1 0 1  CONTINUE
C
C FORM G 1 MATRIX
C
DO 2 0 1  i7 = l ,8  
G1 ( 1 ,  J )  =HR1 { J )
G 1 ( 2 ,J ) = H Z 1  ( J )
2 0 1  CONTINUE
1 7 5  CONTINUE
RETURN 
END
SUBROUTINE GENER(KK,KT)
C * * * * * * * * * * * * * * * * * * * * * * * * *
IM P L IC IT  REAL*8  (A -H ,0 -Z )
CCfcMQN/BLOCKl/NUMNP,NUMEL,NUM4AT,NEQ (1 0 )  ,  XPLNAX,MBAND ( 1 0 )  ,
* MSS ,N P  (1 0 0  ,8 )  ,X D A TA ,N H EP(10) ,NDD,NCONT,NCTCLE
COMMON/PET/DT ,  ELT
CCM40N/BLOCK3/XD ( 1 0 ,8 0 0 )  ,R ( 8 0 0 )  ,Z ( 8 0 0 )  ,P O ( 1 0 ,8 0 0 )  
CCM 40N/BLOCK5/A1 ( 1 0 ,1 0 0 0 0 )  ,A 2 ( 1 0 ,1 0 0 0 0 )
CCM 4SN/BLO CK 6/SK F(1 0  , 1 0 0  ,  64 ) ,E  (1 0  ,1 0 0  ,  6 4 )  ,QQ (10  ,1 0 0  , 8 )
LOC ( I I ,  J J , I Z ) = I I * I Z -  ( I Z - J J )
IUCG1 (K ) =  (K-NEQ (KK) +MBAND (KK) - 1 )  * (K-NEQ (KK) +MBAND (KK) ) / 2  
IUCG2 (K ) =  (MBAND (KK) -K + 2 ) * (MBAND (KK) - K + l )  / 2  
TOPA= ( (MBAND (KK) + 1 ) ‘ MBAND (KK) ) / 2
C
DO 4 1 0  1 = 1 ,NHEP(KK)
A1 (KK, I )  = 0  .
4 1 0  A 2 ( K K ,I ) = 0 .
DO 5 1 0  NM=1,NUMEL
DO 5 0 0  L = l , 8
I —ID  (K K ,N P (NM,L) )
I P  ( I )  5 0 0 ,5 0 0 ,4 2 0
C
4 2 0  I X - ( 1 - 1 ) * ( 2 . ‘ MBAND(KK)+ 1 )
XXADD— (-X ) +MBAND (KK) + 1  
I P  ( I . LB .MBAND (KK) ) XXADD-0 
XX-XX+XXADD 
IU C 1 -IU C G 1 (I )
C
IU C 2 -0
X P ( I .L E .  (MBAND (K K )-(-l)) XUC2-XUCG2 (X)
DO 4 9 0  M - 1 ,8  
J= ID  (K K ,N P (NM,M) )
I P  ( J )  4 9 0 ,4 9 0 ,4 3 0
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4 3 0  L C = L O C (L ,M ,8)
I F  (NEQ (KK) -E Q . (MBAND (KK) + 1 ) ) LO=LOC ( I ,  J ,N E Q  (KK) )
I F  (NEQ (KK) -E Q . (MBAND (K K)+ 1 ) )GO TO 88
LO“ IX + J
I F  ( I . S T .  (NEQ (KK) -MBAND (KK) + 1 ) ) THEN
LO »LO - (TOPA) - IU C 1
ELSE
L O =L O -(T O PA -IU C 2)
END I F
8 8  A2 (KK,LO) =A2 (KK,LO) +E (KK,NM ,LC)
A1 (KK,LO) “ A l  (KK,LO) +SK F (KK,NM ,LC)
4 9 0  CONTINUE
5 0 0  CONTINUE
C
C T H IS  SECTION M U LTIPLIES THE BOUNDARY CONDITION
C WITH THE SKF MATRIX AND STORES I T  UNDER A 1 AND
C ALSO M ULTIPLIES THE IN IT IA L  CONDITION WITH THE
C E MATRIX AND ADDS TO THE BOTTOM OF A l ,  THEN IT
C TRANSFERS THESE NUMBERS TO THE BOTTOM OF A2 ALSO
C T H IS  ALLOWS T H IS  KNOWN MATRIX BE NOT LOST WHEN
C CHOLES TAKES THE A l  MATRIX INVERTS I T  AND PLACES
C THE UNKNOWNS AT THE BOTTOM OF A l ................
C
DO 6 0 0  L = l , 8  
PPP=PO  (KK,NP (NM,L) )
I= ID  (KK,NP (NM,L) )
I F ( I ) 6 0 1 ,6 0 1 ,6 0 0
6 0 1  CONTINUE
DO 6 1 0  J = 1 ,8  
KD=ID (KK,NP (NM, J )  )
IF (K D .E Q .O ) GOTO 6 10  
IEQ=NHEP (KK) -NEQ (KK) +KD
C
L K =L O C (iT ,L ,8)
A 2 (K K ,IEQ ) “ E (KK,NM,LK) *PPP+A 2 (K K ,IE Q ) -  
£  SKF(KK,NM ,LK) *PP P
A l  (KK,XEQ) =A1 (K K ,IE Q ) -S K F  (K K,N M ,LK) *P P P  
6 1 0  CONTINUE
6 0 0  CONTINUE
C
DO 6 0 2  1 = 1 ,8  
K 1D=ID (KK,NP (NM, I )  )
XEQ1=NHEP (KK) -NEQ (KK) +K1D 
A 2 (K K ,IE Q 1) =A2 (K K ,IE Q 1) +QQ (K K ,N M ,I)
A l  (K K ,IE Q 1) =A1 (KK, IE Q 1) +QQ (KK,NM , I )
6 0 2  CONTINUE
5 1 0  CONTINUE
RETURN
END
C
C
SUBROUTINE SOLVES (KK,KT)
IM P L IC IT  REAL*8 (A -H ,0 -Z )
CCMM0N/BLOCKl/NUMNP,NUMEL,NUM4AT,NEQ(10) ,IPLNAX,MBAND (1 0 ) , 
MSS ,N P  (1 0 0  ,8 )  , ID ATA ,NH EP (1 0 )  ,NDD , NCONT,NCICLE 
CCM 40N/PET/DT ,E L T  
C0M 40N/PUT/NPUT ,NOUT (1 0 0 0 0  )
CCM 40N/BLOCK3/ID ( 1 0 , 8 0 0 ) ,R (8 0 O ) ,Z ( 8 0 0 ) ,P O ( 1 0 ,8 0 0 )  
COMMON/BLOCK5/A1 ( 1 0 ,1 0 0 0 0 )  ,A 2 ( 1 0 ,1 0 0 0 0 )
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c
c
5 6 0
5 0 5 0
600
6 0 5
6 10
C
c
62 0
62 5
6 2 6
6 30
6 40
6 80
690
6 9 9
C
C
DIM ENSION A l l  (1 0 0 0 0 )  
DO 5 6 0  1 - 1  ,NUMNP 
N-=ID (KK, I )
I F  (N .E Q .O ) GO TO 5 6 0  
P P -P O (K K ,I )
I F { P P .L T .0 ) P P —0 .
CALL MOD L E Y (N ,P P ,K K )
CONTINUE
IM AT-NHEP (KK) -NEQ (KK)
CALL CHO LES(0,KK )
DTIME=KT*DT
F O R M A T (//5 X ,'*  CONCENTRATION OF CONT. # ' , 1 5 , '
AT T I M E  ' , F 1 0 . 3 , / 5 X , 2 3 ( ' * ' )  ,
/ /5 X ,'N O D A L  P O I N T ', '  CONCENTRATION', / )
DO 6 0 0  I«1,N UM NP
I F  ( ID  (K K ,I )  .N E . 0 ) PO (K X ,I) —A l  (KK,IM AT+ID (k k  ,1 )  )
DO 6 0 0  J= 1 ,N P U T
CONTINUE
IT O P =  IMAT+1
GO TO 6 9 9
CONTINUE
DO 6 1 0  I-IT O P ,N H E P (K K )
A l  (KK, I )  -A 2  (KK, I )
DO 6 2 0  J J = 1  ,NUMNP 
LL—ID  (KK, J J )
I F ( L L .E Q .0 ) GO TO 6 2 0  
P P = P O (K K ,JJ )
I F ( P P . L T . 0 ) P P = 0 .
CALL MQDIFX (L L ,P P ,K K )
CONTINUE 
DO 6 2 5  1 - 1 ,4 0 0 0  
A l l  ( I ) —A l( K K ,I )
CALL CHO LES(1,KK )
DO 6 2 6  1 - 1 ,4 0 0 0  
A l ( K K , I ) —A l l ( I )
DTNEW=FLOAT (K) *DT
DO 6 3 0  I —1,N PU T
I F  (K T .E Q .N O U T (I)) GO TO 640
CONTINUE
GO TO 69 0
CONTINUE
HDD=0
DO 6 8 0  I —1 ,NUMNP
I F  (ID  (K K ,I )  .NE .0 )  PO (K K ,I) —A l (KK,IM AT+ID (JcJc ,I) )
CONTINUE
CONTINUE
RETURN
END
SUBROUTINE MODIFY (N ,P P ,K K )
IM P L IC IT  REAL*8 (A -H ,0 -Z )
CCM4QN/BLOCK1/NUMNP,NUMEL,NUM4AT,NEQ (1 0 ) ,IPLNAX,MBAND (1 0 )  , 
MSS ,N P  ( 1 0 0 ,8 )  , IDATA,NHEP (1 0 ) ,NDD , NCONT,NCYCLE 
C 0M 40N /PE T/D T  ,E L T
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CCM40N/BLOCK5/A1 ( 1 0 ,1 0 0 0 0 )  ,A 2  ( 1 0 ,1 0 0 0 0 )
LOC ( I K , J K , I Z )  “ I K * I Z -  ( I Z - J K )
IUCG1 ( I )  »  ( (I-N E Q  (KK) +MBAND (KK) ) •  (I-N E Q  (KK) +MBAND (KK) - 1 )  ) / 2
IUCG2 (X) -  ( (MBAND (KK) - 1 + 2 )  * (MBAND (KK) - X + l )  ) / 2
NHEP (KK) “ 2 *  (NEQ (KK) -MBAND (KK) ) * MBAND (KK) +MBAND (KK) *
* (MBAND (K K )-1)+ 2*N E Q (K K )
IC N =2‘ MBAND (KK) + 1
TOPA- (MBAND (KK) + 1 ) * (MBAND (KK) ) / 2 .
X F(N .L E  .MBAND (kK) ) ICN-MBAND (kK ) +N
X F (N .G T . (NEQ (KK) -MBAND (KK) ) ) ICN=MBAND (KK) +NEQ (KK) - N + l  
I F  (NEQ (KK) .E Q . (MBAND (KK) + 1 ) ) ICN-MBAND (KK) + 1  
KI-N-MBAND (KK)
I F ( N .L Z .  (MBAND (k K )+ 1 ) )K I= 1
DO 4 J J = 1 , IC N
I I = K I + J J - 1
I X = ( I I - 1 )  *  ( 2 . 0 ‘ MBAND (KK) +1)
XXADD--II+MBAND (KK) + 1  
I F  ( I I .  LE .MBAND (KK) ) IXADD=0 
XX“ IX+XXADD 
IU C 1-IU C G 1 ( I I )
LO=IX+N
IU C 2 -0
X F(X X .L E . (MBAND (KK)+ 1 )  ) IU C 2«IU C G 2 ( I I )
X F (X I.G T . (NEQ (KK) -MBAND (KK) + 1 ) ) THEN
LO -LO - (TOPA) -IU C 1
ELSE
LO=LO- (TO PA -IU C 2)
END I F
XF(NEQ (KK) .E Q . (MBAND (KK) + 1 ) ) LO=LOC ( I I ,N ,N E Q  (KK) )
LR=NHEP (KK) -  (NEQ (KK) -XX)
A l  (KK,LR) =A 1 (KK,LR) +A 2 (KK,LO) *PP 
4 CONTINUE
BETUEN 
END
C  * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SUBROUTINE CHOLES (IC O N ,K JK )
C *******************************
IM PL IC IT  REAL*8 (A -H ,0 -Z )
C<**40N/BLOCKl/NUMNP,NUMEL,NUhMAT,NEQ(10) ,XPLNAX,MBAND (1 0 )  , 
M SS,N P ( 1 0 0 ,8 )  ,XDATA,NHEP (1 0 )  ,NDD,NCONT,NCXCLE 
CCM 40N/PET/DT , ELT
COMM3N/BLOCK5/A1( 1 0 , 1 0 0 0 0 ) ,A 2 ( 1 0 ,1 0 0 0 0 )
X F(X C O N .G T.0 ) GO TO 3 0 4  
X F (N .E Q .l)G O  TO 66 
JB=MBAND (K JK ) + 1  
N“ NEQ(KJK)
IBB=NHEP (K JK ) -NEQ (KJK)
XBS“ NHEP (K JK )
JB  -  BAND WIDTH PLUS ONE 
N=NEQ 
XEB»XBS-N 
XBS=NHEP 
IN «JB + 1  
NM J& -N-JB  
JT = JB  
N T = 2 * JB -1
IF (JB .L E .N M JB ) GO TO 3 0  
JT*NMJB+1
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N T-N  
3 0  DO J - 2 , J B
A l (K JK , j ) « A l  (K JK , j )  / A l  (K JK ,1 )
END DO 
DO 6  1 - 2 ,N  
J S - J B + I - 1
X F (X .I iE . J T )  GO TO 7 
JS -N T
X F (X .IiE  . (N -JT + 1 ) ) GO TO 7 
J S - J S - I +  (N -JT + 1 )
7  I S - J S + I N - 1
I P - I N + X - 1  
I I —2
I F ( I . L E . J B )  GO TO 2 1
I I - X - J B + 2  
I P - I P -  ( I - J B )
2 1  DO 9 J J - I I , X
S U M -0 .0
j —i n + j j —n + i
IM =1
IK —J J —I I + l  
I T - 1
X F ( I .L E .J B )  GO TO 20
I T - I - J B + 1
I K - I K + I T - 1
IM -JB *  ( I T - 1 )  +  ( I T - 2 )  * ( I T - 1 )  /2 + 1  
I F ( I T .G T .J B )  I M - I M - ( I T - J B ) * ( I T - J B - 1 ) / 2  
2 0  DO 1 0  KK—I T , IK
K -IN + K K -IT  
JM -JB + K K -1
I F ( K K .L E .J T )  GO TO 1 1  
JM=NT
IF ( K K .L E . (N -JT + 1 ) ) GO TO 1 1  
JM =JM-KK+ (N -JT + 1 )
1 1  XSM=JM+IM-1
IMP—I M + J J - 1
I F  (KK. G T . JB ) IM P -IM P - (KK- JB )
SUM=SUM+A1 (K JK ,K ) *A1 (K JK , IMP)
XM=H“M +1 
1 0  CONTINUE
A l (K JK , J )  - A l  (K JK , J )  -SUM  
9 CONTINUE
I I I - I + l  
J3 S —I S —I P + I
I F d I Z . G T .  J S 3 )  GO TO 8 8
DO 8 J J - I I I , J S S
SUM =0.0
J - I N + J J - I I + 1
IM=1
IK —I —1
IT —J J —JB + 1
I F ( I K . L T . I T )  GO TO 2 6  
I F ( I T . L E . l )  I T - 1  
X F ( I T .L E . l )  GO TO 2 4  
IM -JB *  ( I T - 1 )  + ( I T - 2 )  * ( I T - 1 )  /2 + 1  
I F ( I T .G T .  JB ) IM =IM - ( I T - J B )  * ( I T - J B - 1 )  / 2  
2 4  DO 2 5  KK—I T , IK
K -IN + K K -1
X F (X .G T .JB )  K -K -I+ JB  
JM -JB + K K -1
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23
2 5
2 6  
8 
88 
6
3 0 4
6 01
2211
221
222
2
2 2 3
2 3 0
X F (K K .L E .JT ) GO TO 23  
JM -NT
X F (K K .L E . (N - J T + 1 )  ) GO TO 2 3  
JM«=JM-KK+ (N -J T + 1 )
H **= JM H M -1
IM P -IM + J J -1
IF (K K .G T . J B )  IM P -IM P - (K K -JB )
SU**=SUM+A1 (K JK ,K ) *A1 (K JK , IM P)
XM>=3M«+1
CONTINUE
A l  (K JK , J )  •  (A l  (K JK , J )  -SUM) / A l  (K JK , IP )
CONTINUE
IN - I S + 1
CONTINUE
A l  (K JK ,IB B + 1 ) =A 1 (K JK ,IB B + 1 ) / A l  (K JK ,1 )
I F ( N . I E . l )  GO TO 2 3 8
IN>=JB+1
NM JB=N -JB
J 1 = J B —1
JT = JB
N T = 2 * JB -1
IF ( J B .L E .N M J B )  GO TO 601
J T bN M TB +I
NT=N
JB 3 = 1
DO 2 3 0  J = 2 ,N
JJP^IBB+J
SU M »0.0
J3N=J-1
JS«J1+J
IP = I N + J - 1
I F ( J . L E . J T )  GO TO 2 2 1  
JS=N T
I F ( J B .G T .J T )  GO TO 2 2 1 1  
I P = I P - (J - J B )
JB S -> JS N -J1 + 1
I F  ( J -. I E .  (N -J T + 1 )  ) GO TO 2 2 1  
J 3 - J S - J + N - ( J T —1)
J B S = J -  JB + 1
X F (J B .G T .J T )  I P = I P —(J - J B )
I S = J S + IN -1  
DO 2 2 2  K = JB S ,  JS N  
K K =IN +K -JB S 
KKF=K+IBB
SUM=SUMfAl (K JK ,K K ) *A1 (K JK ,KK F)
I F  (A l (K JK , I P )  .N E . 0 . )  GO TO 2 2 3  
N R IT E ( 6 ,2 )  I
FORMAT (2 X , '  ZERO DIAGONAL ENCOUNTERED IN  C H O L E S ',1 5 ) 
GO TO 66
A l  (K JK , J J F )  “  ( A l  (K JK , J J F )  -SUM) / A l  (K JK ,IP )
IN - I S + 1
CONTINUE
IP—IBB 
NM=N-1
I F  (NM.EQ.0 )  GO TO 2 3 8
DO 2 4 0  M=1 ,NM
SU M =0.0
I«=N-M
JB S = I+ 1
JS-JB+M
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JS N -JB S + M -1
X F ( I .G E . (N -J T + 1 ) )  6 0  TO 2 4 1  
JS -N T + 1
I F (JB .N E  - J T )  GO TO 2 4 2
J S N -J B S + J 1 -1
J S - J S - 1
2 4 2  X F (X .G E .JT ) GO TO 2 4 1
JS —J B + I  
JSN —J B S + J 1 —1  
2 4 1  I E - I P - J S
DO 2 3 5  K -JB S  ,  JSN  
KK=IP+K—JB S + 1  
KKF-XBB+K
2 3 5  SUM-SUM+-A1 (KJK,KK) *A1 (KJK,KKF)
A l  (K JK , 1 + IB B ) - A l  (K JK , I+XBB) -SUM 
2 4 0  CONTINUE
2 3 8  CONTINUE
5 6  RETURN
END
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SUBROUTINE PROP 
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
IM P L IC IT  REAL *8 (A -H ,0 -Z )
CGM40N/BLOCK1/NUMNP,NUMEL ,NUM4AT,NEQ (1 0 )  ,  IP IN A X ,MBAND (10 ) ,
* MSS ,N P (1 0 0  ,8 )  , ID ATA,NHEP (1 0 )  ,NDD,NCONT ,NCYCLE 
CCfrMON/PET/DT ,ELT
C OM 43N/BLOCK3/ID( 1 0 , 8 0 0 ) , R ( 8 0 0 ) , Z ( 8 0 0 ) ,P O ( 1 0 ,8 0 0 )  
CGfcM 3N/BLOCK14/DIFF(1 0 )  ,S P C H (10 ) , RETARD (1 0 )  ,HYDC,ELEC,HYD0 ,
* E L E 0 , CURRENT 
CGM43N/ SLENGTH/SLENGTH
CC*M 0N/BLO CK 7/G RAD X(100,8) , GRADY (1 0 0  ,  8 ) ,
* GRADX2 ( 1 0 0 ,8 )  ,GRADY2 (1 0 0  ,8 )  ,POELE ( 1 0 0 ,8 )  
CCM40N/BLOCK8/SPCON(8 0 0 )  ,SPC0NXG( 8 0 0 )  ,SPC O N Y G (800) ,S P D IF (8 0 0 )  
DIMENSION SPMO(IO) , SPN O (IO )
C CALCULATE THE IO N IC  MOBILITY OF EACH ION
F - 9 6 5 8 6 .0  
DO 1 0 0  1 = 1 ,NCONT
SEMO ( I )  = 4 3 .  440584*SPC H  ( I )  *SPCH ( I )  * D IF F  ( I )
S P N O (I)= 1 . 1 1 6 7 E -0 3 * S P C H ( I )* D IF F ( I )
1 0 0  CONTINUE
c  NRITE ( 6 , * )  SPMO ( I )
C CALCULATE THE ELECTRICAL CONDUCTIVITY OF EACH ELEMENT
DO 2 0 0  J=1,NUM EL 
S P C C = 0.0  
SPCXG=0. 0  
SPCYG=0.0  
S E D = 0.0  
DO 1 5 0  I L = 1 ,8  
IR -N P  ( J , I L )
DO 1 5 0  1 = 1 ,NCONT
SPCC=SPCC+SPMO ( I )  *POELE ( J , I L )  *PO ( I , I R )
SPCXG—SPCXG+SPNO ( I )  *GRADX (J ,X L ) *PO  ( I , IR )
C SPCYG=SPCYG+F*SPCH(I) * S P M 0 (I) *GRADY ( J ,X L )  * P O ( I , I R )
C SED—SPD+F* SPCH ( I )  * D I F F ( I )  * (GRADX2 ( J ,  XL)+GRADY2 ( J ,  XL) )
C * *PO ( I  , I R )
1 5 0  CONTINUE
SPCON (J) -S P C C  
SPCONXG(J)=SPC X G  
C SPCQNYG (J )  =SPCYG
C S P D IF  (J )  =SPD
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2 0 0  CONTINUE
RETURN
END
SUBROUTINE EBRO
IM P L IC IT  REAL* 8  (A -H ,0 -Z )
COM3N/BLOCK1/NUMNP,NUMEL,NU*MAT,NEQ (1 0 )  ,IPINAX,MBAND (1 0 )  ,
* M S S ,N P (1 0 0 ,8 )  ,  IDATA,NHEP (1 0 )  ,NDD , NCONT ,NCXCLE 
CCM 40N/PET/DT ,E LT
C C * M 3 N /B L O C K 3 /I D ( 1 0 ,8 0 0 ) ,R ( 8 0 0 ) ,Z ( 8 0 0 ) ,P O ( 1 0 ,8 0 0 )  
CC*M ON /BLOCK 14/D IFF{10) , SPCH (1 0 ) , RETARD (1 0 )  ,HXDC,ELEC,HXD0 ,
* ELEO, CURRENT 
CCM M 0N /BLO CK 4/X K (10,100) , I K ( 1 0 ,1 0 0 )  ,
* VEX ( 1 0 ,1 0 0 )  ,V E X ( 1 0 ,1 0 0 )  ,R E T ( 1 0 ,1 0 0 )  ,
* A L F { 1 0 ,1 0 0 ) ,A Q ( 1 0 ,1 0 0 )  
CCM 4ON/BLOCK7/GRADX(100,8) , GRADE(1 0 0  , 8 )  ,
* GRADX2( 1 0 0 , 8 ) ,GRADX2( 1 0 0 , 8 ) ,P O E L E ( 1 0 0 ,8 )
MD—NCONT+1
ME=NCONT+2 
DO 2 4 0  J=1,N U M EL 
DO 2 4 0  1 = 1 ,NCONT 
V E X ( I , J ) = 0 .0  
VEX ( I ,  J )  = 0 .0  
A L F ( I , J ) = 0 . 0  
DO 23 0  2 X = 1 ,8  
I R = N P ( J ,I L )
V E X (I ,  J ) = V E X ( I ,  J )  -  (3 8  . 9*SPCH  ( I )  * D I F F ( I )  +ELEC) *
* G R A D X (J,IL )* B O (M D ,IR )-H X D C * G R A D X (J,rL )* P O (M E ,IR )
C VEX ( I ,  J )  =VEX ( I , J )  -  (3 8  . 9*SPCH  ( I )  * D I F F ( I )  +ELEC) *
C * SRADX (J ,X L )  *PO (MD , IR ) -HXDC*GRADX (J ,  I L )  *PO (ME , IR )
A L F ( I ,  J ) = A L F ( I ,  J)+HEDC*GRADX2 ( J , I L )  *PO (ME , IR )
2 3 0  CONTINUE
A L F ( I , J ) = A L F ( I , J )  + ( 3 8 .9 * S P C H (I )  * D I F F ( I )  +ELEC) *
* VEX (MD, J )
2 4 0  CONTINUE
RETURN 
END
SUBROUTINE CH EQUI
IM P L IC IT  REAL* 8  (A -H ,0 -Z )
CCM40N/BLOCK1/NUMNP,NUMEL,NUI*!AT,NEQ(10) ,IPLNAX,MBAND (1 0 )  , 
MSS ,N P (1 0 0  , 8 )  ,  IDATA,NHEP (1 0 )  ,NDD , NCONT ,NCXCLE 
CCM 40N/PET/DT , ELT
C G M 40N /BLO CK 3/ID ( 1 0 , 8 0 0 ) , R ( 8 0 0 ) , Z ( 8 0 0 ) , P O ( 1 0 ,8 0 0 )  
CCMM3N/BLOCK4/XK(10 ,1 0 0 )  ,X K (1 0 ,1 0 0 )  ,
VEX( 1 0 , 1 0 0 ) , VEX( 1 0 , 1 0 0 ) ,R E T ( 1 0 ,1 0 0 ) ,A L F { 1 0 ,1 0 0 ) ,A Q ( 1 0 ,1 0 0 )  
CCM40N/BLOCKS/A1 ( 1 0 ,1 0 0 0 0 )  ,A 2  ( 1 0 ,1 0 0 0 0 )  
CC*M ON/BLOCK7/GRADX(100,8) , GRADX( 1 0 0 ,8 )  ,
GRADX2( 1 0 0 , 8 ) ,GRADX2( 1 0 0 , 8 ) ,P O E L E ( 1 0 0 ,8 )  
C0M40N/BLOCK8/SPCON (8 0 0 )  ,SPC O N X G (800) ,SPC O N E G (800) ,S P D IF (8 0 0 )  
C CM 43N /B LO C K 14/D IFF(1 0 )  , SPC H (1 0 ) , RETARD (1 0 ) ,H X D C,ELEC,H X D 0, 
ELEO, CURRENT 
CCfeMON/QUAD/CC (3 4 2 ) ,MTOT,NNN 
C0M «3N /PU T/NPU T,N0U T (1 0 0 0 0 )
C C M 4C N /F L U X /X D B C (10 ,100 ,8 ) ,  IN P  ( 1 0 0 ,8 )  ,ELU X X(10 ,1 0 0  ,8 )  ,
FLUXX( 1 0 , 1 0 0 , 8 ) , IMAT(1 0 0 )
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5 0 2 0
5 0 3 0
5 0 4 0
5 0 5 0
5 1 0 0
5 2 0 0
3 2
C
CCM 43N/SOR/ADPB( 8 0 0 ) , PREC (8 0 0 )
CCfcMON/SLENGTH/ SLENGTH
CCM4QN/OUT/EGR2 (8 0 0 )  ,P B T O T (8 0 0 ) , CHECK(8 0 0 )  ,PPO  ( 1 0 ,8 0 0 )  , 
HFLOW(IOO) ,T FL O W (100) ,P B T O T l(8 0 0 )  ,C0NDUC(80O) 
DIMENSION X X (8 0 0 ) , P O l ( 8 0 0 ) ,P O 2 ( 8 0 0 ) ,P 0 3  ( 8 0 0 ) ,P 0 4 ( 8 0 0 )  ,P O 5 (8 0 0 )  
REAL*8 SOM, PRECD, ADPBD, A A 1, A A 2 , X L , XR, XM
DO J - l ,  NCONT-1 
DO 1 = 1 ,  NUMNP 
P P O ( J , I ) = P O ( J , I )
END DO 
END DO
DO IK-1,NUM NP
PBTOT1 (IK ) =PO ( 2 ,  IK ) +ADPB (IK ) +PREC (IK )
ADPBD-ADPB(IK)
PRECD—PR E C (IK )
XL—1 . O E -1 4 /P P O ( 3 , IK )
XR—PPO ( 1 ,  IK )
DO 5 1 0 0  I J - 1 ,  40 
XM -  DSQRT(XL*XR)
PO ( 1 ,  IK ) —XM
PO (2  ,  IK ) -P P O  (2  , IK )
P O ( 3 , I K ) —1 . 0 E -1 4 /X M  
A DPB(IK )-A D PBD  
PB EC (IK )-PR EC D  
CALL SO R PT (IK )
CALL PHCHEM2(IK)
PSEC (IK ) -PB T O T 1 (IK ) -ADPB (IK ) -P O  (2  , IK )
AA1-PPO ( 1 ,  IK ) -XM4-1. O E -14/X M -PP O  (3  , IK ) + 2 .  0* (PREC (IK ) —PRECD)
PO ( 1 ,  IK ) =XL
PO (2  , IK ) -P P O  (2  , IK )
P O ( 3 , I K ) - 1 . 0 E -1 4 /X L  
ADPB (IK ) -ADPBD 
PR EC (IK )-PR EC D  
CALL SO R PT (IK )
CALL PHCHEM2 (IK )
PREC (IK ) —PBTOT1 (IK ) -ADPB (IK ) -P O  (2  , IK )
A A2-PPO ( 1 ,  IK ) -X L + 1 . 0 E -1 4 /X L -P P O  (3  , IK ) + 2 .  0* (PREC (IK ) -PRECD)
I F  (AA1*AA2) 5 0 2 0 ,  5 0 3 0 ,  5 0 4 0
XR=XM
GOTO 5 0 5 0
XR-XM
XL-XM
I F  (XL-XR) 5 1 0 0 ,  5 2 0 0 ,  5 1 0 0
CONTINUE
CONTINUE
P O ( 1 , IK)=XM
PO ( 2 ,  IK ) =PPO  ( 2 ,  IK )
P O ( 3 , I K ) = 1 . 0 E -1 4 /X M  
ADPB (IK )-A D PBD  
PR E C (IK )-PR E C D  
CALL SO R PT (IK )
CALL PHCHEM2 (IK )
PREC (IK ) —PBTOT1 (IK ) -P O  (2  ,  IK ) -ADPB (IK )
END DO
W R ITE( 1 3 ,* )  'A D S P ', (A D P B (I) , 1 - 1 , 2 0 3 , 5 )  , 'P R E C ', (P R E C (I)  , 1 = 1 ,2 0 3 ,5 )  
RETURN 
END
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SUBROUTINE E POTEN
IM P L IC IT  REAL*8 (A - H ,0 - Z )
CCfcMON/BLOCKl/NUMNP,NUMEL ,NUbMAT,NEQ (1 0 )  , IPLNAX,MBAND (1 0 )  , 
M S S ,N P (1 0 0 ,8 )  ,ID A T A ,N H E P (10) ,NDD,NCONT,NCYCLE 
CCfrMON/PET/DT ,  ELT
CC*MON/BLOCK3/ID ( 1 0 ,8 0 0 )  ,R ( 8 0 0 ) ,Z ( 8 0 0 )  ,P O ( 1 0 ,8 0 0 )  
CCfcM0N/BLOCK4/XK(10 ,1 0 0 )  ,X K (1 0 ,1 0 0 )  ,
VEX (1 0  ,1 0 0 )  , VEX ( 1 0 ,1 0 0 )  ,R E T { 1 0 ,1 0 0 )  ,A L P ( 1 0 ,1 0 0 )  ,AQ ( 1 0 ,1 0 0 )  
COtM ON/BLOCKS/Al ( 1 0 ,1 0 0 0 0 )  ,A 2 (1 0  ,1 0 0 0 0 )  
C C tM 0N /B L O C K 7/G R A D X (100,8) ,  GRADE (1 0 0  ,8 )  ,
GRADX2 ( 1 0 0 , 8 ) ,GRADX2( 1 0 0 ,8 )  ,PO E L E ( 1 0 0 ,8 )  
CCM4QN/BLOCK8/SPCON (8 0 0 )  ,SPCONXG (8 0 0 )  ,SPC O N X G (800) ,S P D IF (8 0 0 )  
C C M 4C N /B L O C K 14/D IFF(10) , SPCH (1 0 ) , RETARD (1 0 )  , HXDC, E L E C , HXDO , 
ELEO,CURRENT 
C CtM 0N /Q U A D /C C (342) ,MTOT,NNN 
CCfrMON/PUT/NPUT,NOUT (1 0 0 0 0 )
CCM4QN/FLUX/IDBC (1 0  ,1 0 0  ,8 )  , IN P ( 1 0 0 ,8 )  ,FLU X X (10 ,1 0 0  , 8 )  ,
FLUXX( 1 0 , 1 0 0 , 8 ) ,  IMAT(1 0 0 )
C O M 3N /SO R /A D PB  (8 0 0 )  , PREC (8 0 0 )
COfcMON/ SLENGTH/SLENGTH
CC&MON/OUT/EGR2 (8 0 0 )  ,P B T O T (800 ) , CHECK(8 0 0 )  , PPO ( 1 0 ,8 0 0 )  , 
HFLOW(IOO) ,TFLO W (100) ,P B T O T 1 (8 0 0 ) , CCNDUC(8 0 0 )  
DIMENSION X X (800 ) ,P 0 1  ( 8 0 0 ) , P 0 2 (8 0 0 )  , P 0 3 (8 0 0 )  ,P 0 4 (8 0 0 )  ,P O S (8 0 0 )  
REAL*8  SUM, PRECD, ADPBD, AA1, A A 2, X L , XR, XM
KK=NCQNT+1 
DO 1 = 1  ,NUMEL
VEX (KK, I )  = 1 0 0 0 .  0 *  (CURRENT
-t-SPCONXG ( I )  ) /  (SPCON ( I )  )
END DO 
DO 1 = 2 ,  NUMEL-1
VEX (K K ,I )  = - 0  .5 *  (VEX (K K ,I+ 1 )  -V E X (K K ,I -1 )  ) ‘ NUMEL/SLENGTH 
END DO
VEX (K K ,1 ) = — (VEX (KK, 2 )  -V E X (K K ,1) ) *NUMEL/SLENGTH 
VEX (KK,NUMEL) = -  (VEX (KK,NUMEL) -VEX (KK,NUMEL-1) ) *NUMEL/SLENGTH 
SUM=0 . 0
DO I=NUMEL, 1 , - 1
SUM=SUMt-VEX (KK, I )  * 3LENGTH/NUMEL 
X K (K K ,I)=SU M  
END DO
DO 1 = 1 ,  NUMEL 
J J K = 5 * I
PO (K K , J J K - 4 )  =  XK (K K , I )
PO (K K , J J K - 3 )  =  XK (KK, I )
PO (KK, J J K - 2 )  =  XK (K K , I )
PO (K K , J J K - 1 )  =  X K (K K , I )  - 0  . 5*VEX (K K ,I )  * SLENGTH/NUMEL 
PO (K K , J J K )  =  XK (KK, I )  - 0  . 5*VEX (KK, I )  ‘ SLENGTH/NUMEL 
END DO 
RETURN 
END
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SUBROUTINE PHCHEML ( I I )  
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
IM P L IC IT  REAL *8  ( A - H ,0 - Z )
CCM4DN/BLOCK1/NUMNP , NUMEL,NUM4AT,NEQ (1 0 )  , IPLNAX,MBAND (1 0 )  ,
*  M S S ,N P ( 1 0 0 ,8 )  , ID ATA ,NH EP(1 0 )  ,NDD, NCONT,NCXCLE
CCM 4QN/PET/DT ,E LT
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CCM CN /BLO CK 3/ID  ( 1 0 ,8 0 0 )  ,R (8 0 0 )  ,Z ( 8 0 0 )  ,£ > 0 (1 0 ,8 0 0 )
COtKJN/SOR/ADPB (8 0 0 )  , PREC (8 0 0 )
REAL*8 KW
C
KW=1. O B -14 
C * * * * * * * * * * * * * * * * * * * * * * * *
C ION *1  I S  H
C ION #3 I S  OH-
C * * * * * * * * * * * * * * * * * * * * * * * *
C H e r e  we s o l v e  ( a - x )  * ( b - x )  =0cw, h  o h  r e a c t i o n  e q u a t i o n
C a  i s  h  c o n c e n t r a t i o n ,  b  i s  o h  c o n c e n t r a t i o n
C
a - P O ( l , I I )
b = P 0 ( 3 , I I )
c -a * b -K W
x —0 .5 *  ( a + b - d a q r t  ( (a + b )  * (a + b )  - 4 .  0 * c )  )
PO ( 1 ,  I I )  -P O  ( 1 ,  I I )  - x  
PO (3  ,  I I )  -P O  (3  ,  I I )  - x  
I F  ( P O ( l , I I ) . L E . 0 . 0 )  THEN 
P O ( 3 , I I ) - P O ( 3 , I I )  - P O ( l , I I )
P O ( 1 , I I ) = 1 .0 E - 1 4
ELSE I F  ( P O ( 3 , I I ) . L E . 0 . 0 )  THEN
PO ( 1 , I I )  -P O  ( 1 , I I )  -P O  (3  , I I )
P O ( 3 , I I ) = 1 .0 E - 1 4  
END I F
RETURN
END
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SUBROUTINE PHCHEM2 ( I I )  
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
IM P L IC IT  REAL *8  (A -H ,0 -Z )
CCM4CIN/BLOCK1/NUMNP , NUMEL, NUMMAT, NEQ (1 0 )  , IPLNAX,MBAND (1 0 )  ,
* M S S ,N P ( 1 0 0 ,8 )  , IDATA ,NHEP (1 0 )  ,NDD,NCONT,NCYCLE
C0MM0N/PET/DT ,  ELT
CC&MON/BLOCK3/ID ( 1 0 ,8 0 0 )  ,R (8 0 0 )  ,Z ( 8 0 0 )  ,P O  (1 0 ,8 0 0 )  
CGM40N/SOR/ADPB ( 8 0 0 ) , P R E C (8 0 0 )
REAL*8 X I ( 1 0 , 8 0 0 ) ,X 1 1 ( 1 0 , 8 0 0 ) ,KW ,KSP,KD
C
K SP=2. 8 E -8
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
C ION *3 I S  OH
C ION #2 IS  PB
C
C X l ( 2 , I I ) = P O ( 2 , I I ) + P R E C ( I I )
X I  (2  , I I )  **PO (2  , I I )
X I ( 3 , I I ) - P O ( 3 , I I )
C P R E C ( I I ) - 0 . 0
BDA?“X1 (3  , I I )  *X1 (3  ,1 1 )  *X1 ( 2 ,1 1 )
I F  (B D A .LE.K SP) GO TO 5 
X 1 ( 2 , I I ) - K S P /  (XL ( 3 ,1 1 )  * * 2 )
5  CONTINUE
PREC ( I I )  -PR E C  ( I I )  +PO (2  , I I )  - X I  (2 , I I )
P O ( 2 , I I ) - X I ( 2 ,1 1 )
P O ( 3 , I I ) - X I ( 3 ,1 1 )
RETURN
END
C * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * * *
SUBROUTINE S O R P T (II)
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e
IM P L IC IT  BEAL *8  (A -H ,0 -Z )
CCM40N/BLOCK1/NUMNP,NUMEL,NUfcMAI,NEQ (1 0 )  , IPLNAX,MBAND (1 0 )  , 
* M S S ,N P ( 1 0 0 ,8 )  ,ID A T A ,N H E P(10) ,NDD, NCONT,NCYCLE 
CCM 40N /PET/D T ,E L T
C0M40N/BLOCK3/XD ( 1 0 ,8 0 0 )  ,R ( 8 0 0 )  ,Z ( 8 0 0 )  ,P O { 1 0 ,8 0 0 )
CCM 40N/SOR/ADPB (8 0 0 )  ,P H E C (8 0 0 )
REAL*8 X I ( 1 0 ,8 0 0 )  ,X 1 1 ( 1 0 ,8 0 0 )  ,KW ,KSP,KD 
C IO N  # 1  I S  H+
C IO N  * 2  I S  Pb-M-
C IO N  #3  I S  OH-
C IO N  *4  I S  N 0 3 -
X I ( 2 , I I ) - X I ( 2 , I I ) + A D P B ( I I )
A D P B ( I I ) - 0 .
I F ( X 1 ( 1 , I I ) - G E . 0 . 1 )  THEN 
A K D -0 .0
ELSE I F  (X I ( 1 ,1 1 )  - L E .2 .0 E - 0 5 )  THEN
A K D =1.0
ELSE
A K D -0 .2 7 *  (-DLOG 10 (X I ( 1 , I I )  ) - 1 . 0 )
END I F
I F  ( X I ( 2 , 1 1 ) . L E . 1 7 . O E-3) THEN 
A D P B (II)= A K D * X 1 ( 2 , I I )
ELSE
A D P B (II)= A K D * 1 7 . O E-3 
END I F
I F ( A D P B ( I I )  .G T .1 7 .0 E - 0 3 )  A D P B ( I I )= 1 7 . 0 E -0 3  
X I ( 2 , I I ) = X 1 ( 2 , I I ) - A D P B ( I I )
C
X l ( l , I I ) = P O ( l , I I )  
X I  ( 2 ,1 1 )  =PO ( 2 ,1 1 )
c
c
P O ( 2 , I I ) = X 1 ( 2 , I I )  
P O ( 1 , 1 1 ) - X I ( 1 ,1 1 )  
RETURN 
END
C
SUBROUTINE MESSAGE (STRING)
C
7 0 0
CHARACTER STRING *45 
WRITE ( 6 ,7 0 0 )  STRING
FORMAT( ' 1 ' , 1 2  ( / )  , 1 0 X ,4 7 ( ' * ' )  , / , 2 ( 1 0 X , ' * '  ,4 5 X , ' * ' , / )
1
2 1 0 X ,4 7 ( ' * ' ) )
RETURN
END
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F i l e n a m e : E K 2 .D A T
5 0 3  1 0 0 8  1 0 . 1  3 0 0 3 0 0 1
1 . 0 0 0 . 0 0 0 0 2
0 0 0 0  0 0 0 0 0  1 3
2 . 0 0 0 . 0 0 5 0 4
0 0 0 0  0 0 0 0 0 1 5
3 . 0 0 0 . 0 1 0 0 6
0 0 0 0  0 0 0 0 0  1 7
4 . 0 0 5 0 0 . 0 0 0 0 8
0 0 0 0  0 0 0 0 0 0 9
5 . 0 0 5 0 0 . 0 1 0 0 1 0
0 0 0 0  0 0 0 0 0  0 1 1
6 . 0 1 0 . 0 0 0 0 1 2
0 0 0 0  0 0 0 0 0  0 1 3
4 9 6 . 9 9 0 . 0 0 0 5 1 4
0 0 0 0  0 0 0 0 0 0 1 5
7 . 0 1 0 0 . 0 0 5 0 0 1 6
0 0 0 0  0 0 0 0 0  0 1 7
4 9 7 . 9 9 0 . 0 0 5 0 5 1 8
0 0 0 0  0 0 0 0 0  0 1 9
8 . 0 1 0 0 . 0 1 0 0 0 2 0
0 0 0 0  0 0 0 0 0  0 2 1
4 9 8 . 9 9 0 . 0 1 0 5 2 2
0 0 0 0 0 0 0 0 0  0 2 3
9 . 0 1 5 0 0 . 0 0 0 0 2 4
0 0 0 0  0 0 0 0 0 0 2 5
4 9 9 . 9 9 5 0 . 0 0 0 5 2 6
0 0 0 0  0 0 0 0 0  0 2 7
1 0 . 0 1 5 0 0 . 0 1 0 0 0 2 8
0 0 0 0  0 0 0 0 0 0 2 9
5 0 0 . 9 9 5 0 . 0 1 0 5 3 0
0 0 0 0 0 0 0 0 0  0 3 1
5 0 1 1 . 0 . 0 0 0 0 3 2
0 0 0 0  0 0 0 0 1  1 3 3
5 0 2 1 . 0 0 . 0 0 5 0 0 3 4
0 0 0 0  0 0 0 0 1  1 3 5
5 0 3 1 . 0 0 . 0 1 0 0 3 6
0 0 0 0  0 0 0 0 1  1 3 7
1 . 0 E - 4 8 2 . 5 E - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . 1 E - 1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . 0 E - 3 1 . 0 0 . 0
1 . 0 E - 4 8 2 . 5 E - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . I E —1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . O E -3 1 . 0 0 . 0
1 . O E - 4 8 2 . 5 e - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . I E —1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . O E -3 1 . 0 0 . 0
1 . O E - 4 8 2 . 5 E - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . 1 E - 1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . O E -3 0 . 0 0 . 0
1 . 0 E - 4 8 2 . 5 E - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . 1 E - 1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . O E -3 0 . 0 0 . 0
1 . O E - 4 8 2 . 5 E - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . 1 E - 1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . O E -3 0 . 0 0 . 0
1 . O E - 4 8 2 . 5 E - 3 1 . 0 E - 1 0 1 . 3 E - 5  5 . I E —1 1  5 . 8 E - 1 8 7 . 5 E - 2 3 1 . O E -3 0 . 0 0 . 0
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0 5 0 . 8 1 7  4 . 5 7 1 . 2 0 1 . 8 0 2 . 4 0  1 . 1 5 1 . 6 4 4 5
0 2 . 0 - 1 . 0  1 . 0  0 . 0  - 1 . 0  1 . 0  - 1 . 0 4 6
5 6 0 . 5 6  0 . 5 6 0 . 5 6 0 . 5 6 0 . 5 6  0 . 5 6 0 . 5 6  0 . 0 . 1 0 2 - 5 4 7
8 7 2 - 0 3 8 . 6 4 2 - 2 0 . 0 . 0 5 7 7 0 . 0  0 . 3 5 7 . 1 3 3 2 - 0 3 4 8
1 1  4 6 7  8 5  3 2 4 9
1 0  0 1 5 0
0 0 0 5 1
0 0 0 5 2
0 0 0 5 3
1 - 0 . 1 1 0  0 5 4
0 0 0 5 5
0 0 0 5 6
0 0 0 5 7
1 0 0 5 8
0 0 0 5 9
0 0 0 6 0
0 0 0 6 1
1 - 2 . 5 2 - 1 5  0 6 2
0 0 0 6 3
0 0 0 6 4
0 0 0 6 5
1 0 0 6 6
0 0 0 6 7
0 0 0 6 8
0 0 0 6 9
1 0 0 7 0
0 0 0 7 1
0 0 0 7 2
0 0 0 7 3
1 0 0 7 4
0 0 0 7 5
0 0 0 7 6
0 0 0 7 7
1 0 0 7 8
0 0 0 7 9
0 0 0 8 0
0 0 0 8 1
1 0 0 8 2
0 0 0 8 3
0 0 0 8 4
0 0 0 8 5
1 - 1 . . 6 5 2 4  0 8 6
0 0 0 8 7
0 0 0 8 8
0 0 0 8 9
0 0 0 9 0
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2  6  9  1 1  1 2  1 3  1 0  8  7  9 1
1  0  0  0  9 2
9 9  4 9 1  4 9 4  4 9 6  4 9 7  4 9 8  4 9 5  4 9 3  4 9 2  9 3
1 5  1 0  9 4
1 0 0  4 9 6  4 9 9  5 0 1  5 0 2  5 0 3  5 0 0  4 9 8  4 9 7  9 5
1 0  0  1 9 6
0 0 0 9 7
1 2 . 5 E - 1 5  0 9 8
0 0 0 9 9
0 0 0 1 0 0
0 0 0 1 0 1
1 0 0 1 0 2
0 0 0 1 0 3
0 0 0 1 0 4
0 0 0 1 0 5
1 - 0 . 1 1 0  0 1 0 6
0 0 0 1 0 7
0 0 0 1 0 8
0 0 0 1 0 9
1 0 0 1 1 0
0 0 0 1 1 1
0 0 0 1 1 2
0 0 0 1 1 3
1 0 0 1 1 4
0 0 0 1 1 5
0 0 0 1 1 6
0 0 0 1 1 7
1 0 0 1 1 8
0 0 0 1 1 9
0 0 0 1 2 0
0 0 0 1 2 1
1 0 0 1 2 2
0 0 0 1 2 3
0 0 0 1 2 4
0 0 0 1 2 5
1 0 0 1 2 6
0 0 0 1 2 7
0 0 0 1 2 8
0 0 0 1 2 9
0 0 0 1 3 0
0 0 0 1 3 1
0 0 0 1 3 2
0 0 0 1 3 3
0 0 0 1 3 4
0 0 0 1 3 5
0 0 0 1 3 6
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Note:
Line 1: (In the same order)
503: No. o f nodes 
100: No. o f elements 
8: No. o f species 
1: No. o f materials 
0.1: Time increment 
300: No. o f cycles 
300: No. o f cycles printed
Line #2 , 4, 6, ..., 36
Column #1: Node Number in order 
Column #2: Coordinates on x-axis 
Column #3: Coordinates on y-axis
Column #4: Node generation code (0) no generation code
(J) generate by skipping J nodes
Line # 3, 5, 7, ..., 37
Boundary Condition Codes (1) BC is prescribed
(0) no BC (free)
Column #1: for IT 
Column #2: for Pb2+
Column #3: for OH- 
Column #4: for PbOIT 
Column #5: for Pb(OH)2°
Column #6: for Pb(OH)3- 
Column #7: for Na+
Column #8: fo rN 03-
Column #9: for E (electric potential)
Column #10: for h (hydraulic head)
Line #38-44
Initial Conditions:
Column #1: for IT 
Column #2: for Pb2+
Column #3: for OH- 
Column #4: for PbO If 
Column #5: forPb(OH)2°
Column #6: for Pb(OH)3-
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Column #7: for Na+
Column #8: for N 0 3”
Column #9: for E 
Column #10: for h
Line 38-40 are IC’s for nodes at x= 0
Line 41 are IC’s for nodes at 0 < x < L
Line 42-44 are IC’s for nodes at x = L 
(L s the length of specimen)
Line #45: Molecular Diffusion Coefficients:
Column #1: for H*
Column #2: for Pb2+
Column #3: for OH”
Column #4: for PbOH*
Column #5: for Pb(OH)2°
Column #6: for Pb(OH)3~
Column #7: for Na+
Column #8: for N 03”
Line #46: Species Charge:
Column 1-8 are similar to those in Line #45.
Line #47:
Column #1: Porosity Times Retardation factor for H"
Column #2-8: Porosity
Column #9: Soil Electric Capacitance
Column #10: Coefficient o f Volume Compression
Line #49:
Column #1: Coefficient of hydraulic conductivity 
Column #2: Electroosmotic coefficient 
Column #3: Initial hydraulic potential gradient 
Column #4: Initial electric potential gradient 
Column #5: Length o f specimen 
Column #6: Tortuosity 
Column #7: Current density
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Line #49, 91,93, 95:
Column #1: Element No.
Column #2-9: Connectivity o f the element (counter-clock wise)
Line #50, 92, 94, 96:
Column #1: Material No.
Column #2-3: Generation code and factor
Column #4: Flux Boundary Condition code (0) no flux BC is defined
(1) flux BC is defined in
Line #51-90 and 97-136 (only if flux code = 1):
Flux values at the element boundaries, 40 lines for each element
Line 1-4 for IT, 5-8 for Pb2+, 9-12 for OH', 13-16 for Pb(OH)+ 
17-20 for Pb(OH)2°, 21-24 forPb(OH)3', 25-28 for N a\
29-32 for N 03', 33-36 for E, 37-40 for h
For each variable: Line 1: for boundary 1-6
Line 2: for boundary 6-8 
Line 3: for boundary 8-3 
Line 4: for boundary 3-1
For each line:
Column 1: code: (0) no flux; (1) flux is defined 
Column 2: Flux component in x direction 
Column 3: Flux component in y direction
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c 
c  
c  
c  
c  
c
I M P L I C I T  R E A L * 8  ( A - H ,  O -Z )
C 0M 4O N  G ( 2 0 0 )  ,  A ( 2 0 0 )
D IM E N S IO N  C ( 1 0 1 )
R E A L  D ,  V ,  R ,  X L , C l ,  C O , DT 
IN T E G E R  I X ,  NCYCLE 
C H A R A C T ER * 1 4  F I N P ,  FO O T
W R IT E ( * , 1 0 0 )
1 0 0  FORM AT ( '  E N T E R  NAME O F DATA F I L E  ' )
R E A D ( * , 1 1 0 )  F I N P  
1 1 0  FORM AT (A 1 4 )
W R IT E ( * , 1 2 0 )
1 2 0  FORM AT ( ‘ E N T E R  NAME O F O U T PU T  F I L E  '  )
R E A D ( * , 1 1 0 )  FOUT
O P E N  ( 5 ,  F I L E = F I N P , S T A T U S *  * OLD 1 )
O P E N  ( 6 ,  F IL E = F O U T , S T A T U S * 1 NEW' )
REA D  ( 5 , * )  D , V , R ,  X L
READ ( 5 ,  * )  C l ,  C O , D T , I X ,  N CY CLE
P  «  V * X L /D
C A L L  E I G 1 ( P )
DO 30 K*l, NCYCLE 
T T  -  D T * K  
DO 20 J*l, 1X4-1 
XX *  (XL/IX) * (J —1)
SUM *  0 . 0  
DO 1 0  1 * 1 ,  1 0 0 0
A ( I )  *  2  . 0 * G ( I )  * D S I N ( G ( I )  * X X /X L ) *D E X P  ( 0  . 5 * V * X X /D - 0  . 2 5 * V * V * T T /  
1  D / R —G ( I ) * G ( I ) * D * T T / X L / X L / R )
A ( I )  =  A ( I ) / ( G ( I ) * G ( I )  +  ( 0 . 5 * V * X L / D ) * * 2 . 0 + 0 . 5 * V * X L / D )
SUM *  SUM +A ( I )
1 0  C O N T IN U E
C ( J )  *  C I + ( C O - C I ) * (1 -S U M )
2 0  C O N T IN U E
W R IT E ( 6 , 1 2 0 0 )  T T , ( C ( J ) ,  J = 1 , I X + 1 )
3 0  C O N T IN U E
1 1 0 0  F O R M A T ( / /5 X ,  ' * *  CO N C EN TRA TIO N  A T  T IM E  ................* , F 1 5 . 6 , / ,
1  5 X ,  'N O D A L P O I N T ' ,  * C O N C E N T R A T IO N ', / )
1 2 0 0  F O R M A T (2 X ,F 1 2  . 6 , 2 X ,  1 0 1  ( F 8  . 4  , 2 X ) )
END
SU B R O U T IN E  E I G 1 ( P )
TO CALCULATE THE EIGENVALUES
IMPLICIT REAL*8 (A-H, O-Z) 
C0M40N G(200)
ONE-DIMENSIONAL CONVECTIVE DISPERSIVE EQUATION
FIRST-TYPE BOUNDARY CONDITION 
FINITE PROFILE
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B ETA  “  0 . 0 0 0 0 0 0 0 0 0 1  
DO 4 1 * 1 ,  1 0 0 0  
J  *  0
1  J  *  J  +  1
I F  ( J . G T . 2 0 )  GO T O  3  
D ELTA  *  - 0 . 2 * ( - 0 . 5 ) * * J
2  B E T 2 «  B E T A
B ET A  *  B E T A +D E L T A
A  *  B E T 2 * D C O S  (B E T 2 )  + 0  . 5 * P * D S I N  (B E T 2 )
B  -  B ET A *D C O S ( B E T A ) + 0 .5 * P * D S I N  (B E T A )
I F  (A * B ) 1 ,  3 ,  2
3  G ( I )  *  (B E T 2 * B -B E T A * A ) /  (B -A )
4 B ETA  *  B E T A + 0 . 2
C W R ITE ( * , 1 0 0 0 )  ( G ( I )  ,  1 * 1 ,  1 0 0 0 )
C 1 0 0 0  F O R M A T ( / / l I X ,  'C A L C U L A T E D  E IG E N V A L U E S  ' / 1 1 X ,  2 2  (1 H = )  /  
C 1  ( 8 X , 5 F 1 2 . 6 / ) )
RETURN
END
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c 
c 
c 
c 
c 
c
I M P L I C I T  R E A L * 8  ( A - H ,  O - Z )
C 0M 40N  G ( 2 0 0 )  ,  A ( 2 0 0 )
D IM E N S IO N  C ( 1 0 1 )
R EA L  D , V ,  R ,  X L , C l ,  C O , DT 
IN T E G E R  I X ,  N CY CLE 
C H A R A C TER *1 4  F I N P ,  FO U T
W R IT E ( * , 1 0 0 )
1 0 0  FO RM AT( '  E N T E R  NAME O F  DATA F I L E  ' )
R E A D ( * , 1 1 0 )  F I N P  
1 1 0  FORMAT ( A 1 4 )
W R IT E ( * , 1 2 0 )
1 2 0  FORMAT ( '  E N T E R  NAME O F  OUTPUT F I L E  ' )
R E A D ( * , 1 1 0 )  FO U T
O P E N (5,FILE=FINP,STATUS-'O L D ')
O P E N (6,FILE—F O U T ,STATUS-'NEW >)
READ ( 5 , * )  D ,  V , R ,  XL 
R E A D ( 5 ,* )  C l ,  C O , D T , I X ,  NCYCLE 
P -  V * X L /D  
C ALL E I G 1 ( P )
DO 3 0  K - l ,  N CY CLE 
T T  *  D T * K  
DO 2 0  J = 1 ,  I X + 1  
XX *  ( X L / I X ) * ( J —1 )
SUM -  0 . 0  
DO 1 0  1 = 1 ,  1 0 0 0
A ( I )  =  2 . 0 * P * G ( I ) * D E X P ( 0 . 5 * V * X X / D - 0 . 2 5 * V * V * T T /
1  D / R —G ( I ) * G ( I ) * D * T T / X L / X L / R )
A ( I )  =  A ( I ) * ( G ( I ) * D C O S ( G ( I ) * X X / X L ) + 0 . 5 * P * D S I N ( G ( I ) * X X / X L )  ) 
A ( I )  -  A ( I ) / ( G ( I ) * * 2 + ( 0 . 5 * P ) * * 2 + P ) / ( G ( I ) * * 2 + ( 0 . 5 * P ) * * 2 )  
SUM -  SUM+A ( I )
1 0  CO N TIN U E
C ( J )  =  C I + ( C O - C I ) * ( 1 - S U M )
2 0  CO N TIN U E
W R IT E ( 6 , 1 2 0 0 )  T T ,  ( C ( J ) ,  J = 1 , I X + 1 )
3 0  C O N TIN U E
1 1 0 0  F O R M A T ( / /S X , * * *  CO N C EN TRA TIO N  AT T IM E  ............. ' , * * 1 5 . 6 , / ,
1  5 X , 'N O D A L  P O IN T ' , * C O N C E N T R A T IO N ', / )
1 2 0 0  F O R M A T (2 X ,F 1 2  . 6 , 2 X ,  1 0 1  ( F 8  . 4  ,2 X )  )
END
SU B R O U T IN E  E I G 1 ( P )
TO CALCULATE THE EIGENVALUES *
IMPLICIT REAL*8 (A-H, O-Z)
ONE-DIMENSIONAL CONVECTIVE DISPERSIVE EQUATION
SECOND-TYPE BOUNDARY CONDITION 
FINITE PROFILE
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C C M 40N  6 ( 2 0 0 )
B E T A  -  0 . 0 0 0 0 0 0 0 0 0 1  
DO 4  1 * 1 ,  1 0 0 0  
J  *  0
1 a * a + l
I F  ( J . G T . 2 0 )  GO TO  3  
D E L T A  *  - 0 . 2 * ( —0 . 5 ) * * J
2  B E T 2  *  BETA  
B E T A  *  B ETA +D ELTA
A  *  B E T 2*D C O S  (B E T 2 )  +  ( 0  . 2 5 * P —B E T 2 * * 2 / P )  * D S I N ( B E T 2 )
B  *  B ETA *D C O S (B E T A ) +  ( 0 . 2 5 * P - B E T A * * 2 / P )  * D S IN (B E T A ) 
I F  (A * B ) 1 ,  3 ,  2
3  G ( I )  *  (B E T 2 * B -B E T A * A ) /  (B —A )
4 B E T A  *  B E T A +0 . 2
C W R IT E ( * , 1 0 0 0 )  ( G ( I ) , 1 = 1 ,  1 0 0 0 )
C 1 0 0 0  F O R M A T ( / / l l X ,  'C A L C U L A T E D  E IG E N V A L U E S  • / X X X ,  2 2  (1 H = )  /  
C  1  ( 8 X , 5 F 1 2 . 6 / ) )
R ET U R N
END
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NOTATION
stoichiometric coefficient o f  the aqueous component k in the precipitate j
a* stoichiometric coefficient o f  the aqueous component k in the complexed
V
species j
stoichiometric coefficient o f the aqueous component k in the adsorbed
v
species j
stoichiometric coefficient o f the adsorbent component k in the adsorbed
Ci*
species j
concentration o f species i in the anode compartment
Cjc concentration o f species i in the cathode compartment
c*h concentration o f species i in the conditioning solution to the anode
C|k
compartment
concentration of species i in the conditioning solution to the cathode
Cv
compartment 
consolidation coefficient
Di* effective diffusion coefficient of species i
F Faraday’s constant (96485 C/mol)
Jc charge flux or current density
h flux of species i
Jw fluid flux per unit area of porous medium
ke electro-osmotic coefficient o f  permeability
kh hydraulic conductivity
apparent sorption constant
KP equilibrium constant for the precipitate species j
Kjx equilibrium constant for the complexed species j
K f equilibrium constant for the adsorbed species j
my coefficient of volume compressibility
refers to a metal
{ M T U concentration of adsorbed metal ion
n porosity of soil
n+ valence of the metal ion
N, number of aqueous components
NP number of precipitated species
Nx number of aqueous complexes
N. number of sorbent components
Ny number of sorbed complexes
q . speed of drawing the fluid from the anode compartment
q c speed of drawing the fluid from the cathode compartment
R. production rate of species i per unit fluid volume due to chemical reactions
197
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Ri* production rate of the aqueous species I per unit fluid volume due to chemical 
reaction in the anode compartment
Ric production rate of the aqueous species I per unit fluid volume due to chemical 
reaction in the cathode compartment
Sk concentration of the adsorbent component k
St total available binding site concentration
t time
Te volumetric charge density of soil• effective ionic mobility o f species i
Z| valence of species i
Yk* activity coefficient of the aqueous component k
Yk* activity coefficient of the adsorbent component k
y/ activity coefficient of the adsorbed component k
Y/ activity coefficient of the complexed species j
Yw density o f fluid
ev volumetric strain of soil medium*a effective electrical conductivity o f the fluid in the pore soil
* electrical potential
V gradient operator
V« divergence operator
V2 Laplace operator
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